INTEGRABLE SYSTEMS AND SYMPLECTIC GEOMETRY
JOE BRENDEL

ABSTRACT.

1. INTRODUCTION

Recommended exercises are marked by (*).
Difficult exercises are marked by (/).

Text appearing in light grey has NOT been discussed in the lecture and is therefore not
exam material.

2. MECHANICS AND SYMPLECTIC GEOMETRY

2.1. Hamilton’s equations. Here is Newton’s equation of motion from classical mechanics,
G(t) = =VV{(q) (1)

describing the position depending on time t — ¢(t) € R™ of a particle of unit mass submitted
to a force field of a potential V': R® — R. Here we take the potential to not depend on time,
nor on the velocity ¢(¢). This is an second order ODE in R™.

Hamilton’s reformulation of that equation goes as follows: Set p(t) = ¢(t) € R™ and view
it as another variable of the system, called momentum. This yields the equation of motion
p(t) = —=VV(q) coupled with ¢(t) = p(t) Setting

_ Il

H(q,p) = 5 +V(q) (2)

for Euclidean norm ||p||* = p} +--- + p? allow us to write Newton’s equation as a system of
coupled first order ODEs

oH OH
~ opi pill) == dq; )

Gi(t)

These are called Hamilton’s equations and H is called Hamiltonian (function). Physically
speaking, H measures the total energy of the system, and is composed of the kinetic energy
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”’;HQ and the potential energy V(q). It is easy to check that the solutions preserve energy,

meaning that the function ¢ — H ( (1), p(t)) is constant in t,

Zaquz a o —o,

where we have used .

Example 2.1 (Harmonic oscillator). Let n = 1 and V(q) = ag¢* for some a > 0. Then
describe the motion of a unit mass attached to a spring which is at rest at ¢ = 0. The
parameter « has something to do with the stiffness of the spring. To say something about the
harmonic oscillator, note that the total energy is preserved, i.e. the function ¢t — H(q(t), p(t))
is constant for all curves solving . This allows us to say something very strong about the

solutions of these equations, namely that they are constrained to the ellipses {%2 +aqg® = c}.
We can draw the so-called phase portrait of the Harmonic oscillator, see ??7. Of course,
we could just have written down explicit solutions to the Harmonic oscillator instead, but
closed formulae for this kind of problem exist only in very rare cases. The kind of geometric
arguments above will inspire much of the rest of this lecture.

2.2. Symplectic geometry. The natural arena to set up a problem of classical mechanics
is a symplectic manifold.

Definition 2.2. A symplectic manifold is a pair (X*",w) consisting of a smooth even-
dimensional manifold X and a differential two form which is closed and non-degenerate.

By closed, we mean that its exterior differential vanishes, i.e. dw = 0. By non-degenerate
we mean the assignment Z +— ((Z)w = w(Z, —) defines a bundle isomorphism 7X — T*X.
Non-degeneracy allows us to turn any smooth function H € C*°(X) into a vector field Xy
by setting

dH = 1(Xpg)w. (4)
Definition 2.3. In this context, we call H € C*(X) a Hamiltonian (function), we call

Xy € I'(TX) Hamiltonian vector field, and we call the flowt — ¢I it generates Hamiltonian
flow. The triple (X,w, H) is called Hamiltonian system.

By the flow it generates we mean the one-parametric family of diffeomorphisms ¢f! satis-

ﬁfl = Xy for all times ¢t. All throughout, we assume that Hamiltonian flows
are defined for all times. The Hamiltonian flow of H preserves H and the symplectic
form w,

Ho¢! = H, (¢f)'w=uw. (5)
Indeed, differentiating with respect to time, we obtain, in the first case
d

dt(H ° ¢t ) =dH(Xg) = ((Xp)w)(Xg) = w(Xy, Xg) =0.
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The second equality is and the last one follows from the skew-symmetry w(X,Y) =
—w(Y, X) of differential two forms. In the second case we obtain

%Wf)*w =Lx,w=d(Xg)w+ (Xg)dw=ddH + 0 = 0,

where Ly is the Lie deriwative of tensor fields along a vector field Y. In case the tensor
field is a differential form a € Q'(X), it can be computed by the co-called Cartan’s magic
formula Lya = du(Y)a + (Y )da, which is what we have used to find the second equality.

Example 2.4. Let R? = {(¢,p)} be equipped with the differential two form
wo = dq A dp.

This is just the standard area form. It is closed, dwy = ddx A dy + dx A ddy = 0 (every
differential form in the top degree is automatically closed anyways) and furthermore we have

L(Og)wo = dp, 1(0p)wo = —1(0,)dp N dg = —dgq (6)

where 9,,0, € TR? denote the vector fields pointing in the coordinate directions. This
implies non-degeneracy, since 9,9, span TR? and dg,dp span T*R?. Let us now look at
some Hamiltonians:

Hi(q,p) =p, Halq,p) =" +p*.
yields
XH1 = 8q, XH2 = 2])6(1 - 2q8q

Indeed, @ shows that we can go from dH to Xy by replacing every dp by 0, and every dq
by —0, The first Hamiltonian flow acts by translation in the ¢-direction and the second one
by rotation.

The product of two symplectic manifolds is again symplectic.

Exercise 2.5. Let R* = {(q1, p1,q2,p2)} be equipped with wy = dq; A dpy + dga A dps. The
Hamiltonian

G(QhPh Q2,p2) = P192 — P2g1

is sometimes called angular momentum. Compute its flow ¢¢. How does this flow act on
the (g1, ¢2)- and on the (py, p2)-planes?

For any n, denote the coordinates on R*® by ¢i,...,qn, D1, .., pn and let
wo = iy dg; A dp;.
This is called the standard symplectic form. Let H be a Hamiltonian. It differential is given

by

—~ (0H oH
di = ; (6_%in + 8_pidpi) ;
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and thus

~~ (OH OH
=3 (G 5

=1

In other words, the system (¢(¢), p(t)) = Xu exactly corresponds to Hamilton’s equations (3)!
This shows that we have generalized them to manifolds.

Definition 2.6. We call Hamilton’s equation (singular!) from now on.

This means that the first equation in is a generalized form of energy conservation. As
for the second equation, let us make the following historical remark:

Remark 2.7. Liouville noticed in the 19th century that phase space of systems from classical
mechanics carries a natural measure (or volume form) which is given, in so-called canonical
coordinates, by

vol = dxy ANdyy A ... Ndx, A dy,,

which is preserved by the mechanical system. The fact that the symplectic form w is pre-
served is often (for example in [5]) attributed to Arnol’d. Tt is a strict refinement of Liouville’s
theorem. Indeed, we can write

n!vol = w)"

for the standard symplectic form wy. Since (¢f)*wy = wo by (F]), we deduce that (¢ )* vol =
vol. This refinement has spectacular consequences! Indeed, symplectic topology studies dif-
ferent so-called symplectic rigidity phenomena. Those are properties exhibited by symplectic
and Hamiltonian flows which volume-preserving flows do not have.

Definition 2.8. A diffeomorphism ¢ € Diff(X) of a symplectic manifold (X,w) is called
symplectomorphism if Y*w = w. The set of these forms a subgroup

Symp(X,w) C Diff(X).

As we have shown in ([5]), every Hamiltonian flow is a symplectomorphism. Furthermore,
conjuagting a Hamiltonian flow by a symplectomorphism yields another Hamiltonian flow:

pogl oy =gl (7)

for all H € C**(X) and all ¢ € Symp(X,w). In other words, conjugation by a symplec-
tomorphism corresponds to pulling back its Hamiltonian function. This can be proved by
differentiating with respect to ¢, which yields 1, Xy = Xpoy-1. This latter equation can be



proved by computing

W Xp)w = w( X, )
= W Xu, v (1))
= ¥'w(Xm, v, ())
= w(Xu, v ()
= ((Xm)w) ()
= dH(y;'(")
= d(H o) (),
proving the claim by Hamilton’s equation. In the fourth line, we have crucially used that
is a symplectomorphism, ¥*w = w.
It is natural to ask now whether Hamiltonian flows are a group, too. This is correct,

provided we allow for the Hamiltonians to be time-dependent! A time-dependent Hamiltonian
is given by a function

H:[0,1]x X >R, H(t,z) = Hyx).

We can defined X%, by dH; = (X} )w for every ¢t. We still denote the corresponding flow by
1

Definition 2.9. A diffeomorphism of X is called Hamiltonian diffeomorphism if it is the
time-one map ¢ of a (possibly time-dependent) Hamiltonian H.

Although this is not immediate, it can be shown that these objects form a group, denoted
by Ham(X,w). See [5, Section 1.4] for details and proofs.
We have inclusions

Ham(X,w) C Symp(X,w) C Diff(X). (8)

One can wonder how big the differences are between these groups. Let us briefly discuss the
case of the inclusion Ham(X,w) C Symp(X,w).

Proposition 2.10. For any Hamiltonian flow ¢t and any smooth v: S* — X, we have
/ Ciw =0, where C;:[0,1] x S' = X,  C,(s,t) = ¢ (4(1)). (9)
[0,1]x St

Geometrically, this means that any cylinder swept out by a curve under a Hamiltonian
flow has vanishing symplectic area.
Proof. Compute

% - Xt ), S

2 = (01 (0),
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and plug it in
[ = [ el o). e.i)ds
[0,1]x St [0,1] J St

= [ aen s
/ HO¢H D s — o
0,1] J st

In the second line, we have used Hamilton’s equation and in the last line the fundamental
theorem of calculus combined with the fact that v is defined on S*. a

Using this, we can construct an example of a non-Hamiltonian symplectomorphism.

Example 2.11. Let X = S* xR, where we view S! = R/Z. The symplectic form wy = dgAdp
on R? is translation-invariant. Therefore, it descends to a well-defined form w on X. Note
that this form is exact, i.e. it satisfies

w = d(~pdg). (10)
Now let ¥,.(q,p) = (¢,p + ) be a translation in the p-direction on X by an amount r. This
is a symplectomorphism for all » € R. However we will see that it is Hamiltonian only if
r = 0. Define the curve
v: St = X, q(t) = (,0).
Suppose that 1, is a Hamiltonian diffeomorphism, i.e. there is ¢! with 1, = ¢Z. Then C,

would have vanishing symplectic area by Proposition m However, by and Stokes, we
can compute

/ Crd(—pdq) = / dC>(—pdq) = — / pdq + / pdg =.
[0,1]x 51 [0,1]x 51 ~¥(s1) -(v(51)

Since y(S') = S x {p = 0} and ¥,(7(S')) = S x {p = r}, we find that this is equal to
0 + r = r. This proves that v, is not Hamiltonian whenever r # 0. Let us point out that it
is not enough to use that the cylinder bounding the circles S' x {p = 0} and S' x {p =r}
has non-zero symplectic area! Indeed the Hamiltonian flow ¢ ending on 1, may be much
more complicated than just the obvious translation ¢f = 1y,

Somewhat miraculously, there is a converse to Proposition [2.10, due to Banyaga.
Theorem 2.12. Let (X,w) be compact and connected and let s — 1y € Symp(X,w) be a

smooth path of symplectomorphisms starting at ¥y = id. If the area @ (now swept out by
the symplectic family s v 1) vanishes for all v: S' — X, then ¢, € Ham(X, w).

Proving this is outside the scope of this lecture. We refer to [4, Chapter 10|, and Theorem
10.2.5, in particular. Note that checking this condition on all maps ~v: S* — X is not



7

convenient. Instead, on can restrict one’s attention to homological data to obtain the so-
called flur map which has values in H'(X;R). We will encounter its Lagrangian cousin later
in this lecture, we refer again to [4] or to [B, Chapter 14] for details.

From the above discussion, it follows in particular that if H'(X;R) = 0, then any path of
symplectomorphisms v; is automatically Hamiltonian. This fact is much more elementary.
To see this, let Y; € ['(T'X) be the family of vector fields satisfying % =Y. In other words,
Y; is the velocity vector (in some infinite-dimensional space...) of the curve t — ;. Since
Yfw = w, we obtain ¥y (Ly,w) = 0, which implies, by Cartan’s magic formula, that

0=du(Yy)w + 1(Yy)dw = du(Yy)w, (11)

meaning that the one-form «(Y;)w is closed for all ¢. Since H'(X;R) = 0, de Rham’s theorem
implies that every ¢(Y;)w has a primitive function H;, meaning

dH; = o(Y;)w.
But this is exactly Hamilton’s equation . Up to checking that the t dependence in H;, =

H(t,-) is smooth (this is actually somewhat subtle), this proves the claim.

Remark 2.13. Let us briefly comment on de Rham’s theorem and how it is used here. It
says that the de Rham cohomology group H}(X) is isomorphic to the usual cohomology
HY(X;R). However de Rham cohomology precisely measures by how much a closed form
fails to be exact, i.e.

1 ker(d: QYX) = Q%(X)) QLX)
Har(X) = im(d: C*(X) — QX)) QL (X)

Therefore, every closed one form has a primitive function whenever H'(X;R) = 0.

Remark 2.1/. Tt is sometimes useful to view the spaces appearing in as infinite-dimensional
Lie groups. The Lie algebra of Diff(X) is given by smooth vector fields. Indeed, differenti-
ating a family of diffeomorphisms yields a vector field as tangent vector. The bracket on this
Lie algebra is the bracket of vector fields (which is also called Lie bracket),

Lie(Diff(X)) = (D(TX), [-, ).
The discussion surrounding shows that a vector field Y is tangent to Symp(X,w) C
Diff (X) if and only if the form (Y )w is closed and tangent to Ham(X, w) if and only if it is
exact. In other words, we find Lie(Symp(X,w)) & QL(X) and = Q! (X) in the Hamiltonian
case. But the set of exact one-forms on X is precisely the set of functions on the manifold

up to adding a constant to the function. Later we will define the Poisson bracket {-,-} on
smooth functions, which is exactly the Lie bracket on the Lie algabra of Ham (X, w),

Lie(Ham(X,w) = (C3°(X), {-,-})-

Here CS°(X) denotes smooth functions up to adding a constant.
0
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2.3. The cotangent bundle. The cotangent bundle 7g: 7%Q — @ of any smooth mani-
fold ) comes equipped with a canonical symplectic form we.,. The so-obtained symplectic
manifold

(T*Q7wcan)
is one of the quintessential examples in symplectic geometry. For us it will be crucial,
because:

(1) Classical mechanical systems on a smooth manifold @ correspond to a Hamiltonian
system on T*(). The cotangent bundle is then called phase space.

(2) The cotangent bundle (equipped with we,, or a magnetic symplectic form) will serve
as a symplectic model space for Lagrangian submersions, which we will study later
on.

The symplectic form we,, is exact, meaning that there is a one-form A, on T*Q such that
Wean = —dAcan. There are multiple ways to define M., and wean. Ours is based on what we
call cotangent lifts.

Definition 2.15. Let Q, Q" be smooth manifolds and ¢: QQ — Q" a diffeomorphism. The
cotangent lift of ¢ is defined by

o T°Q = T°Q', n~ (¢ ).

By this, we mean that for any Y € T'(Q’, we have

(™. Yo = (0. (D) (Y))e:
for all n € T*Q. Here (-,-) denotes the pairing of covectors with vectors. We will often

drop (-,-) from the notation and just write n(Z) = (n, Z). Here are some immediate prop-
erties of cotangent lifts:

(1) The cotangent lift preserves fibres, i.e.

T 091 = poma, (12)

where 7, 7o denote the bundle projections of T*@) and T*()’, respectively;
(2) it acts linearly on fibres;
(3) it satisfies
(idg) =idr-q, (po@)=wpioq.

Now let (U, ) be a chart ¢p: U — R"™ on a subset U C @ of the base space. Denote its
image by V = o(U). We can view T*V =V x R® C R?" by trivializing the bundle T*V
by the sections dg;: V' — T*V, where we call ¢; the standard coordinates on R™. In other
words, given ¢, € V', we identify

o €T,V with (q,p1,...,pn) €V XR" C R?", (13)

g T+ Puday

pidq
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Definition 2.16. Now let (U, ) be a chart of Q) as above. The cotangent chart associated
to (U, ) is defined as @,: T*U — T*V followed by the above trivialization T*V =V x R™.
We denote the resulting map again by

0 T°U -V XR", 0 (q, - qu,P1,---Dn)-

We are now in a position to define the canonical (sometimes called tautological) one-form
on T*Q. Let (U, ) be a chart and ¢, the corresponding cotangent chart. Then we can set

(Acan) W) = @1 (P1dqy + . .. + prdgy) € QYT*U). (14)

Remark 2.17. Here are two points the reader may be confused about:

(1) One-forms are smooth sections of the cotangent bundle,

QHQ)=T(T*Q) ={a: Q = T*Q|mgoa =idg}.

However A.., is not a one-form on @), but on 7*Q! Therefore it is Acan: T7Q — T*T*Q)
as a map. In fact, this is part of the reason why it is canonical or tautological: At
n € T*Q it is given by 7 itself, which can be canonically viewed in TT™(), see also
Proposition [2.27]

(2) We have slightly abused notation, since by ¢; we denote coordinates both on V' and
on T*V, compare e.g. and . Therefore, we obtain 7f,dg; = dg;.

Although the definition is local in @, it is independent of the choice of (U, ) and
thus yields a globally defined form!

Proposition 2.18. Let (U, ) and (U, ¢') be two charts of Q. Then
(/\can)(U,cp) = (/\can)(U/,¢/) on T*(U N U’).

Proof. First, we prove the following statement. Let x: V — V' be diffeomorphism of open
sets V, V' C R™. Then the cotangent lift y,;: V x R™ — V’ x R" satisfies

xi (Pidaqy + ...+ p,dg,) = pidagy + . ..+ ppdg, (15)

where (g;,p;) and (¢},p;) denote the coordinates determined by on T*V and T*V’,
respectively. By Definition [2.15| of the cotangent lift, we can write

xi(a,p) = (x(a), (Dx~")"p).
We deduce

* n IXi
X1 dQ: = d(Xi(Ql? ce 7Qn)) = Zj:l 33;. dev

and

o —1
p; oXI= Zzzl Pk (Eq«f )i
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This allows us to compute
i Pl = 1 (z:_lpk ) (S5 Giday)
= 30 ket P ; i 2% g,
_ Z] - pk X)k dg;
=2 i pjdqj-

Now to prove the claim of the proposition, we set x = ¢’ o ~! to deduce (¢})*(>_7, pidq))
of (31, pidg;) from (15). This proves the claim.

ol

Definition 2.19. The canonical one-form A.., € QY(T*Q) on any cotangent bundle T*Q is
defined by

)\can’U = (Acan)(U,cp) = (p;k(pldql —+ ... +pndQn)7
for any chart (U,) on Q. The canonical symplectic form we., € Q*(T*Q) is defined as
Wean = —dAcan- In a cotangent chart, it can be seen as

wcanlU = @T(d(h /\dpl +--'+dQn/\dpn)- (16)

This form is indeed symplectic. From (16]), we can read off that it is closed and non-
degenerate. Note that the cotangent charts yield symplectomorphisms of portions T*U C
T*(Q of the cotangent bundle with sets of the form V' x R” in R?" equipped with the standard
symplectic form wy = >, dz; A dy;.

Proposition 2.20. Let ¢,: T*Q — T*Q' be the cotangent lift of any diffeomorphism: Q —
Q'. The canonical one forms are preserved:

w*
| Ncan — can-

Proof. Let (U, ¢) be a chart on Q and (U, ¢') be a chart on Q'. Then the map y = ¢’otpop™!
is a diffeomorphism between subsets of R”. As in the proof of Proposition [2.18, we find
xi (D2, Pidgi) = Y, pidg;. This proves the claim. O

In classical mechanics, this is extremely helpful. It tells us that we can change coordinate
systems on the configuration space () and still write down the Hamiltonian equation in
canonical coordinates.

Another obvious consequence of Proposition [2.20]is that cotangent lifts are symplectomor-
phisms. Symplectomorphisms preserving a primitive one form (here it is A,y ) are sometimes
called exact symplectomorphisms. We obtain a canonical inclusion

Diff(Q) — Symp(T*Q, wean), ¢ — @1 (17)

FEzercise 2.21 (*). Let ¢ € Diff(Q) be a diffeomorphism which is isotopic to the identity
through a path in Diff(@).
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(1) Show that ¢ € Ham(T*Q, wean). Hint: Pick an explicit path ¢ — ¢; € Diff(Q)) with
o = id and ¢; = ¢ and show that its cotangent lift (¢;), is a Hamiltonian flow (of
a time-dependent Hamiltonian vector field).

(2) Express the Hamiltonian function generating ¢ — (¢;)1 in terms of the family of
vector fields t — Y; € T'(T'Q) generating ¢;.

The symplectomorphisms of (T*Q, wean) coming from cotangent lifts are induced by trans-
formations of the base. Let us now consider translations in the fibre.

Definition 2.22. Let a € QY(Q) be a one-form. The translation in the fibre along « is
defined by

to: T°Q - T7Q, nw—n— oz|7rQ(,7).
(The minus here is explained because we want to have a plus in . )
Proposition 2.23. Let a € Q1(Q) be a one-form. Then tiAcan = Aean — oo and thus
thWean = Wean + ToHdar. (18)
In particular, t, is a symplectomorphism if and only if a € QL(Q).

Proof. Let (U, ¢) be a chart of Q. We can write @ = ¢*(>_, a;dg;). Let us check that the
map f, =potaop 1V xR* =V x R" is given by

to(Gey D) = (Quy D1 — Q1 oy D — ). (19)

, g T oot DPadanlg,
as in (13). Therefore t,(g.,p) can be written as (¢1 0 t)(n) = ©1(n — Alzy@m). This map
preserves the base point and acts linearly on fibres, therefore we can compute ¢ (o m(n))
separately. By definition of the coefficients «; above, we find that (¢~ 1)*a = >, aydg;. Using

Definition we thus find
\,:l(’] - (]‘TFQ(T])) — Z])f(]qf
i

Indeed, given n € T*Q, we can write ©i(n) = (¢s,p1,---,0n) = P1dq

- Z ;dg;

i

s — (q*tpl — Q1. Pn — ('l?n)-

The identity allows us to compute

()" (X pidas) = Y2, (pi — cui)dg; = 3, pida; — w5 (3, cudas).
In the last equation, we have used that

(1) the functions «; depend only on the base coordinates ¢;;
(2) we have made use of the slight abuse of notation in the sense that dg; = 75,dq;, where
dq; € QYT*Q) on the LHS and dg; € 2'(Q) on the RHS. See Remark



12 JOE BRENDEL

Using the definition of %, we find
t:x)‘can = tzsp'*(Zz pldql)
= o1 (O pidai) — ey mH (2, qidai)
= Acan — Wa@*(zl aquz)

= )\can - 71'2206,
as desired. In the third equality, we have used . O

Exercise 2.2/ (*). For every a € Q(Q), define a unique vector field X, on T*Q by

T = 1(Xa)Wean- (20)
Show that its time-one flow qﬁ{(“ is exactly t,. We will crucially use this idea in a later lecture
to study the topology of Lagrangian submersions.

Exercise 2.25. When is t, a Hamiltonian diffeomorphism?

Remark 2.26. Sometimes the cotangent charts from Definition [2.16] are dropped from the
notation altogether and one just writes

)\can|U = Zz pqu“ wcanlU = Zz qu A dpw

This makes perfect sense when we interpret the ¢;, p; as functions of the type T°U — R
(obtained from composing the cotangent chart with projection to a coordinate), instead of
as coordinates in the image of the cotangent charts. The dg; are then one forms on T*U.
Physicists call the coordinates ¢;, p; canonical coordinates.

On the other hand, there are intrinsic ways of characterizing the canonical one form.

Proposition 2.27. The canonical one-form Acan can be equivalently defined as follows:
(1)
Acant TT*Q = R, Acan(§) = (75n)(€) = n((mg) &), (21)
where n € T*Q) denotes the footpoint of the vector £ € T,,T*Q and (mg).: TT*Q —
TQ the differential of the bundle projection mg: T*Q — Q.
(2) Acan is the unique form such that

*Nean = @, for all a € QY(Q). (22)

Note that this equation makes sense, since a: QQ — T*(Q) and thus under its pull-back,
Acan 18 @ form on Q).

Proof. Both claims follow from local computations in a cotangent chart. We start with (1).
Let (U, ¢) be a chart of () and denote by (¢;, p;) the coordinates in the image of the cotangent

chart ¢;. Recall the identification and write
wi(n) = (g,p) = >_; pi(n)da,
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and let & € Ty 1™V This allows us to compute

1((7q)+€) = (o1 ' (X pi(m)da:)) (@)« (o )a(1)4€)
= (o (2 pi(m)da)) (95 (@) (1)1 (€)
= > pi(n)dai((7Q)+(¢1):§)

= > pi(n)mHdai((¢1)£)

= (D, pidqi) ((1)+8)

= SOT(Z@ pid%)(f) - )\Can(g)u

where in the second equality we have used ¢ o mg = g o o1, where the third equality follows
from the definition of ¢|(n) = no !, and where in the fifth equality follows from the abuse
of notation mdg; = dg;.

Let a € Q(Q). We again work in a chart (U,: U — V) and the associated canonical
coordinates. Let o € C*(V) such that a = ¢*(}, a;dg;). Under the identification (L3)), set

a:V—=TV=VxR" a(q =(qa(q),...,on(q) =, alq)dy
Then ¢y o= aop. Now let Y € T,U and compute
(@ Acan) (V) = 7 (32, pidgs) (oY)
= (22 pidai) ((pr 0 @), Y')
= (i pidgi) (@0 9).Y)
= 22 aidgi((mQ )0 0.Y')
= ¢ (22 udg;)(Y) = aY).

To show that this property uniquely characterizes A..,, one can use Exercise [2.28] proving
that on an open dense subset of TT*() we can write any & as «,Y. This implies that
Aean(§) = a(Y') and thus, by continuity, Ac., is uniquely determined by this property.

Here is an easier proof of (2): View the map a: @ — T%(Q) as a = t_, o 0g, where
Og: @ — T™Q is the zero-section. Then we can use Proposition to compute

Oé*)\can - Oatta)\ca,n - Oa(Acan + ﬂ-z)a) = .

Here we have used that \.,, vanishes on the zero-section. O
Ezercise 2.28. Let n € T7Q). Prove that the set

{o.Y € T, T'Q|Y € T,Q, a € 2Y(Q), al, =n}

is open and dense in T, 7%(). More precisely, it consists of the complement of the vertical
distribution ker(7g), union the zero vector.
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2.4. Mechanics on manifolds. Symplectic geometry in cotangent bundles allows us to
significantly generalize Hamilton’s formalism. Indeed, we can now consider a particle or
physical state whose position is constrained to a manifold @), called configuration space.

Definition 2.29. A mechanical datum (Q, g, P) is a triple consisting of a smooth manifold
Q, a Riemannian metric g on @, and a smooth potential function P € C*(Q).

Classical mechanics on @ is related to symplectic geometry of (7", wean) — this space is
called phase space. The base coordinate ¢ describes the position of a particle and the fiber
component its momentum. Note that although the position is constrained to (), momenta
can take all possible values in the fibre tangent to Q).

Definition 2.30. Let (Q, g, P) be a mechanical datum. The associated mechanical system
is given by the Hamiltonian system (T*Q,Wean, H), where we set

. 1
H=Hg,p): T7Q =R, n— 59(77, n) + P(mq(n)). (23)

Time evolution of the mechanical system is given by the Hamiltonian flow ¢ of H =

Hg,g,p). The first term in is again called kinetic energy and the second potential energy.
Note that we have plugged covectors into the Riemannian metric. We have implicitly used
the isomorphism 7'Q) — 7@ induced by Y — ¢(Y,-).
Ezxample 2.31. For Q = R™ and g = gguq the standard Euclidean metric on R”, the mechan-
ical system we obtain coincides with the system defined in by Hamilton’s equation (4]
with the same potential function V. This explains the minus sign in we,, = —dAcan, Which
is necessary to recover Hamilton’s equations with the traditional sign convention.

For any (Q, g, P) mechanical datum and chart (U, p: U — V') on @), we can transport the
mechanical datum to obtain a new one

(Vige=(¢")9, Po= (¢ )P =Pop™) (24)
on the subset V' of R™. Here the pull-back metric is defined by (¢*¢)(Y, Z) = g(.Y, ¥.Z)
for any two vectors Y, Z € T(Q).

Proposition 2.32. For any mechanical datum (Q, g, P) and chart (U,p: U — V) on Q,
let (V,g,,P,) be its push-forward in the chart as defined in . Then their respective
Hamiltonian systems are conjugate. More precisely:

H H
©1 0 @y (o h) — oM Vool o ©r. (25)

FEzercise 2.33 (*). Prove the proposition.
In other words, ever mechanical system locally (in @) reduces to a mechanical system in
R™ and thus a system which obeys Hamilton’s equations by which we have started this

course! Furthermore, once we have a solution ¢t — ¢(t) C V in the image of the chart, we
can consider

T(t) ="' (a(1) € Q. (26)
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to solve the system on Q).
Actually, there is a much more general fact which goes in the same direction:

Proposition 2.34. Every Hamiltonian system (X,w, H) on a 2n-dimensional symplectic
manifold X is locally conjugate to Hamilton’s equations in R?".

This proof of the proposition uses the classical Darbouz theorem.

Theorem 2.35 (Darboux theorem). Let x be a point in a symplectic 2n-manifold (X,w).
Then there is a neighbourhood U of x and a symplectomorphism ¢ : (U,w|y) — ¥(U) C
(R?", wy), where wy =Y i, dx; A\ dy;.

Exercise 2.36. Use to prove 2.34]

At first glance, it may seem that this result makes canonical coordinates and Propo-
sition [2.32] obsolete. Indeed, any Hamiltonian system can locally be written as Hamil-
ton’s equations. Note however that Proposition [2.34] is not compatible with the fibration
structure of the cotangent bundle. As a consequence, one cannot just project a solution
t — (q(t),p(t)) € R to the g-coordinate and then transport it to @ as in (26). Conse-
quently, the system obtained by using Darboux’s theorem is not mechanical and completely
local, whereas Proposition [2.32 is semi-local: it is local in the base coordinates on @), but
extends to the full fibres over it.

2.5. Example: Planar pendulum. Let us now describe the so-called mathematical (or
planar) pendulum. Physically speaking, this is an object attached to the end of a rigid arm
which moves in the plane R? = {(z,y)} equipped with the Euclidean metric ggu,q = dx?*+ dy?
and which is subjected to a constant gravitational force pointing downwards F(z,y) = —0,.
Let us fix the mass of the object and the length of the arm to be = 1. The potential of the
force is V' (z,y) = y, since we have indeed: F' = —VV. Note that the Euclidean metric ggyq
is used in the gradient.

The configuration space is not all of R?, but a circle of unit radius around the point in
which the rigid arm is fixed — let’s assume the latter is the origin (0,0) € R?. We have

Q=A{(z,y)| 2> +y* =1},

The mechanical system (@, g, V) is obtained by restricting ggu,a and V' to the submanifold
(). Let us now work in a chart of (). To that end, set

X:R—=Q, 6+ (sinf,—cosb). (27)

It will become clear later why we have chosen this strange parametrization. The map x is
a covering which yields a diffeomorphism S* = R/(27Z) = Q. Locally, one can invert it to
get charts (U, ¢) on (). Here we will rather work with the globally defined inverse x of the
chart ¢ then the chart itself. Let us now compute the push-forward datum as in to use



16 JOE BRENDEL

Proposition [2.32] For every local inverse ¢ of x, we obtain

9y = (‘p_l)*gEucl
- X*gEucl
= d(sin)* + d(— cos 0)?
= (cos 0)*df? + (sin 0)*db?
= db>.
The induced potential is
Vo(0) = (V ox)(0) = —cosé.
By Proposition [2.32 we can thus solve the Hamiltonian system associated with the mechan-
ical datum
(S' =R/(277Z), gg1 = db*, Vg1 = — cosf). (28)
Its phase space is the cotangent bundle 7*S', i.e. the cylinder {(6,ps) € S* x R} equipped

with the symplectic form df A dpy. The Hamiltonian is
2

b
H = H(Sl,gs1,vsl)(6>p0) = 59 — cosf. (29>

Indeed, the metric gg1 identifies dy with py and thus ggi(p,p) = p3. Recall that au-
tonomous Hamiltonian flows preserve the symplectic form and the Hamiltonian generating
them. Therefore, the transformation of 7*S! we are looking for preserves the standard area
form on the cylinder and the level sets of . Let us thus proceed by increasing values of the
energy H. For H < —1, the level set is empty. The value H = —1 is a critical value, and the
level set is the point (6, pg) = (0,0). This is why we have chosen x the way we did — the stable
equilibrium point of the pendulum is then at the origin. The corresponding orbit is the fixed
point where the pendulum is at rest. In the range H € (—1, 1), the values are regular and
their level sets are connected closed embedded curves in the cylinder. Thus the system has
periodic trajectories which oscillate: At 6 = 0 they have momentum |pyg| = \/2(H + cos6)
meaning that all their energy is stored in the kinetic term. They reach their maximal height
H = —cosf when py = 0 at which point the energy is purely stored in the potential term.
The oscillations can thus be viewed as a continuous trading off of potential energy for kinetic
energy (during the fall of the pendulum) and vice-versa (during its ascent). Note that the
level sets in the range H € (—1,1) consist of one single trajectory. This changes at H = 1
which is a singular value. Its level is not a manifold, but rather an eye whose ends intersect
in the cylinder. This level set consists of three pieces of trajectory. The simplest one is the
equilibrium point # = 7 mod 27 and py = 0. This corresponds to the pendulum standing
vertically up. It is unstable and cannot be observed in nature. If H = 1 and py # 0 there
are two possible trajectories distinguished by the sign of py. They are mirror to one another
by reflecting the circle with respect to its vertical axis. These trajectories are the only ones
which are not periodic. Instead they converge to the point # = 7 for time going to +oo
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but they never reach it. These trajectories cannot be observed in nature either because of
friction and material imperfections. The values H > 1 are regular and their level sets are
disconnected. They consist of two closed embedded curves which are non-contractible in the
cylinder, one in the range py > 0 and one in the range py < 0. Physically, these are the
trajectories which have enough energy to traverse the north pole # = 7 mod 2.

3. SYMMETRIES OF HAMILTONIAN SYSTEMS

3.1. Poisson brackets. To motivate the definition of the Poisson-bracket, recall that we
have the following chain of inclusions of groups,
Ham(X,w) C Symp(X,w) C Diff(X).

Let us interpret these as infinite-dimensional Lie groups, without worrying too much about
what an infinite dimensional manifold is. By differentiating a smooth curve t — 1), € Diff(X)
satisfying ¢y = id, we obtain a smooth vector field on X. Therefore the Lie algebra of Diff (X))
is given by the space of all vector fields. Its Lie bracket is the Lie bracket for vector fields,
Lie(Diff (X)) = (I(TX), [-, -]).
Since Ham(X,w) is a subgroup, its Lie algebra is a subalgebra of vector fields. In fact, it is
the subalgebra of Hamiltonian vector fields
Pham (TX) ={Xyg € T(TX) | H € C*(X)},

equipped with the Lie bracket for vector ﬁeldsﬂ. The set of Hamiltonian vector fields is
in one-to-one correspondence with the set of smooth functions up to adding a constant
function C§°(X) = C*(X)/R. The induced bracket on functions is the Poisson bracket.
Here is a very direct definition of it. We will come back the interpretation as a Lie bracket
in Proposition [3.5]

Definition 3.1. Let (X,w) be a symplectic manifold. The Poisson bracket is defined by
{—,—}:C®(X) x C®(X) - C*(X), {F,G}=wXr Xg).
We say that F,G € C*(X) Poisson-commute if {F, G} = 0.

By Hamilton’s equation, the Poisson bracket can be rewritten as
[F,G} = dF (Xg) = —dG(Xp), (30)

meaning that it measures the rate of change of one of the functions under the Hamiltonian
flow of the other. Remarkably, this rate of change is anti-symmetric under exchanging the
functions.

Remark 3.2. The Poisson bracket only depends on the functions up to adding constants and
is thus well-defined as a map C5°(X) x C§°(X) — C§°(X). Indeed, the Hamiltonian vector
field Xz depends only on dF', and not on F itself.

"n particular, the bracket of two Hamiltonian vector fields is again Hamiltonian!
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Proposition 3.3. The Poisson bracket satisfies the following three properties

(1) {F,G} = —{G, F'} (anti-symmetry),

(2) {F,GH} = H{F,G} + G{F, H} (Leibniz rule),

(3) {F,{G,H}} +{G,{H,F}} +{H,{F,G}} = 0 (Jacobi identity),
for all F\G,H € C*(X).
Exercise 3.4. Prove these properties. Hint: For the latter property, compute first

{FAG H}} = —Lx, (w(Xa, Xn))
and then use Cartan’s magic formula, £x = du(X) + +(X)d.
These three properties can be used as axioms to define abstract Poisson brackets. An

abstract Poisson bracket does not necessarily come from a symplectic structure, but instead
it induces a decomposition of X into a set of symplectic leaves. The study of the geometry

one obtains in this way is called Poisson Geometry. We will not pursue this any further here
and our Poisson bracket always comes from an underlying symplectic structure.

Proposition 3.5. The Poisson bracket has the following basic properties for all F,G €

(1) If F,G € C*(X) Poisson-commute, then the functions are constant along each

other’s Hamiltonian flows,

Fo¢f=F, Godf =G;
(2)
Xray = —[Xrp, X¢]
In particular, the map F +— Xp yields an isomorphism of Lie algebras,
(COO(X>7 {'7 }) — (FHam(TX)7 ['7 ])’

(3) If F,G € C*(X) Poisson-commute, then their Hamiltonian flows commute, meaning
that for all times t, s € R, we have

¢ 0 = ¢y oy
Proof. To prove (1), apply 4 to find dF(X¢). The claim follows from (B0).
The proof of (2) relies on the Jacobi identity form Proposition [3.3] Recall that any vector

field is characterized by how it acts on smooth functions as a derivation. In particular, the
Lie bracket can be defined by

[(Xp, X¢|H = Xp(XcH) — X¢g(XpH), forall He C*(X).
Again, we use that XoH = dH(X¢s) = {H, G} to rewrite this expression as {{H,G}, F'} —
{{H,F},G} ={F,{G, H}}+{G,{H, F}}. By the Jacobi identity, this is equal to —{ H, {F, G}} =
—X{reyH. To summarize, we obtain [ Xp, Xg|H = —X{rcyH for all smooth functions H
and this proves the claim.

For the proof of (3), recall that if [V, Z] = 0 for any pair of vector fields Y, Z, then their
flows t — ¢} and s — ¢Z commute, ¢} o ¢pZ = ¢Z o ¢ . Let us stress that this is a general
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fact about smooth (and not necessarily Hamiltonian) flows. Now if {F, G} = 0, we can use
(2) to find that [Xp, Xg] = 0. Since the Hamiltonian flows of F, G are the flows of the vector
fields X, X meaning, in our notation, that gbff F = ¢l the claim follows. O

FEzercise 3.6. Find F,G € C*°(X) whose Hamiltonian flows commute, but which do not
Poisson-commute, themselves. In other words the converse to point (8) in Proposition
does not hold.

Let us now discuss how the Poisson bracket is useful in solving a Hamiltonian system
(X,w, H) with symmetry. This discussion is crucial for later topics in this lecture. Recall
that finding an explicit solution is impossible most of the time. Using energy conservation
H o ¢ = H allows us to look for solutions in the level sets H~1(hg) of H. This removes
one degree of freedom and bring us to dimension 2n — 1. Although this helps, it is hardly
satisfying, except in the case n = 1 (as for example in the case of the planar pendulum).
Now assume that there is an auxiliary G' with {H, G} = 0.

Then we can use (1) in Proposition to find that G preserved under ¢, too! In other
words, we can now restrict our attention to joint level sets of the form

H_l(h0> N G_l(g()> == {H == hQ,G = go}

Whenever these are transverse, i.e. when dH, dG are linearly independent (it is obviously of
no use to consider G = 2H for example), we lose two degrees of freedom.

We can use (3) in Proposition [3.5to get a finer idea of what solutions look like in the joint
level sets. Indeed, if we have one solution t — ¢ (z,), we find a one-parametric family of
solutions by transporting it by the Hamiltonian flow of G. Indeed, transporting the initial
condition z by ¢¢ and then solving the system ¢ +— ¢ (¢¥(z¢)) is the same as solving it for
7o and then applying ¢% (z).

Remark 3.7. The function G is sometimes called (first) integral of (X,w, H), in the sense
that it helps us integrate the system, i.e. solve it.

Noether’s theorem can be roughly stated as follows: For every symmetry of a system, there
1s an associated preserved quantity. Using the Poisson bracket formalism, this is almost a
tautology. Indeed, the system is the Hamiltonian flow ¢, the symmetry is the Hamiltonian
flow ¢%. The conserved quantity is simply the Hamiltonian G itself!

Remark 3.8. A Hamiltonian system (X,w, H) can have at most n — 1 independent sym-
metries. If it has this maximal amount of symmetry i.e. if there are smooth functions
G, ..., G, such that
{H,G;} ={G;,G;} =0

for all 7, j and such that dH, dGs, ..., dG, are linearly independent (at least on an open dense
subset of X), then the system is called (completely) integrable. In that case the candidate
space for solutions has dimension 2n — n = n. The structure of these candidate spaces is
elucidated by the so-called Arnol’d—Liouville theorem.
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3.2. Hamiltonian circle actions. As we have seen, it is extremely useful to find a first
integral G of a Hamiltonian system (X,w, H) because it allows us to restrict our attention
to the level set {G = go} C X, thus reducing the dimension of the space under consideration
by one. Furthermore, the solutions of the system appear in one-dimensional families on
that level set. It is thus natural to ask whether one can quotient out by the transformation
inducing these one-dimensional families.

Under the additional assumption that the Hamiltonian flow of G' generates a circle action,
this idea is spectacularly useful. Indeed, in that case the quotient {G = go}/S?! is itself a
symplectic manifold, provided the action on the level set {G = go} is free. Furthermore,
this symplectic quotient carries a residual Hamiltonian system whose dynamics is intimately
related to the dynamics of the original system (X,w, H). Note however that the quotient
{G = go}/S* has dimension 2n — 2, meaning that we have actually reduced the number
of degrees of freedom by two! Before moving on to discussing this symplectic reduction
procedure, let us have a look at Hamiltonian circle actions.

Definition 3.9. A smooth group action 1: S* x X — X on a symplectic manifold (X,w)

is called Hamiltonian group action if there is an (autonomous) Hamiltonian G such that
g = (0, —) is equal to ¢ for allt € R and § = [t] € S* = R/Z. The Hamiltonian G is
then called moment map of the action.

In other words, any autonomous Hamiltonian G whose flow satisfies ¢ = id induces a
Hamiltonian S'-action on X. We switch between viewing the action asamap ¢: S'1xX — X
and a map 0 — 1y € Ham(X,w).

Here are some examples of Hamiltonian S!-actions.

Ezample 3.10. The system (R? wp, G(z,y) = m(2® + y?)) defines a Hamiltonian S'-action.
It is just the rotation of the plane and thus has one fixed point at the origin (z,y) = (0,0).
Note that this is a special case of the harmonic oscillator.

Ezercise 3.11. Let (R*,wy = >, dx; A dy;) be equipped with the Hamiltonian
Ga(xla Yiy- -+ T, yn) = ﬂ'al(x% + y%) +...+ 71'Oén(:lji + y721>

for a = (aq,...,a,) € R". For which vectors a € R" does this define a Hamiltonian S*-
action? For which vectors o can G, be rescaled by some ¢ € R to ¢G,, defining a Hamiltonian
Sl-action?

Example 3.12. Let S x R = R?/(z,y) ~ (z + 1,y) be equipped with the symplectic form
dx Ady. This space is symplectomorphic to (T*S!, wWean). Then the moment map G(z,y) =y
induces a Hamiltonian S'-action by translation in the z-direction. Note that it does not
have any fixed points.

Ezample 3.13. Let S? = {2? + y*> + 22 = 1} C R3 be equipped with the scaling wg> of the
natural area form which satisfies |, g2 Wsz = 2. Then the height function

G:5? =R, Gz,y,2)=z2
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defines a Hamiltonian S'-action fixing the North and South poles (0,0, +1) € S2.
Ezercise 3.1/ (*). Prove the claims in the previous example. Hint: Define a parametrization
x: St x (=1,1) = S%\ {(0,0,£1)},
and consider the pull-back system (S* x (—1,1), x*ws2, G o X).
Another major source of examples are lifts of smooth actions to cotangent bundles.

Proposition 3.15. Let 6 — 1y be a smooth circle action on a smooth manifold (). Then
its cotangent lift 0 — (Yg)) defines a Hamiltonian circle action on the cotangent bundle
(T*Q, Wean)- We denote this action by 1y: S* x T*Q — T*Q.

Proof. Exercise shows that the lift 0 — (¢1)g = (p): is a Hamiltonian flow. Since
(1)1 = (¢1) = (idg)r = idr+g, we find that this yields a Hamiltonian S*-action. O

Exercise 3.16. Among Examples [3.10] [3.12] and [3.13] which of them are a lift of a smooth
action to a cotangent bundle?

Example 3.17. Let R? = {(q1,42)} be equipped with the smooth S'-action given by the
standard rotation,

Yo(q1, q2) = (q1 cos 20 — qo sin 276, g3 cos 2w + ¢ sin 2700).

Then its cotangent lift ¢, acts by simultaneous rotation on the coordinate pairs ¢ = (¢1, ¢2)
and p = (p1,p2) of the cotangent bundle T*R* = {(q1, g2, 1, p2)},

()o(q,p) = (Ya(q), Yo(p))- (31)

One way of seeing this is by noting that, since we are in R?, we can write the cotangent lift
in coordinates
(®a)i(g,p) = (Wa(q), (DY ") D).
But 5: R? — R? is a linear map! Therefore, we find Dy = 19. Furthermore, since it is a
rotation, we have 1, ' =y, proving . Another approach is computing the Hamiltonian
vector field. One can use Exercise to find that the moment map generating the lifted
action (t)g is
G(Qap) = p(zﬂ-(qlan - qQaQI)) = P192 — D241,

since the vector field Y = 27 (19, — q20,, ) generates the rotation on the base R? = {(q1, ¢2)}
See also Example[2.5] The preserved quantity G of this rotation has a physical interpretation
as angular momentum.

3.3. Interlude: Geodesics. Let (@), g) be a Riemannian manifold and V its Levi-Civita
connection. A smooth curve 7: [to, t1] — @ is called geodesic if it satisfies

Vi = 0. (32)

!
Such curves are locally length-minimizing. For every tangent vector Y € T'Q), there is a
unique geodesic v with 4(0) = Y which exists at least locally. Existence of such geodesics

/
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for all t and Y is called geodesic completeness. The Hopf-Rinow theorem tells us that geodesic
completeness is equivalent to metric completeness of the space () equipped with the metric
induced by g.

Definition 3.18. Let (Q),g) be a geodesically complete Riemannian manifold. The geodesic
flow I': R x T'Q) — T'Q) 1s defined by

D(t,Y) = DY) = 4(0).
where v: R — @ is the unique geodesic with v(0) =Y .

In the framework of classical mechanics can be interpreted as the acceleration of
being zero. In light of Newton’s theorem, this means there is no external force acting on the
particle, i.e. that P = 0. This is also sometimes called free particle. In fact, one can make
this rigorous.

Ezercise 3.19 (!). Show that the geodesic flow is Hamiltonian in the following sense: Let
g TQ — T*Q denote the isomorphism defined by ¢#(Y) = ¢(Y,-). Then the geodesic flow
is conjugate to the Hamiltonian flow,

¢l = g% 0 Gro(g%)7!,

where H = H(q 4 p—o) denotes the mechanical Hamiltonian with vanishing potential, P = 0.

For the sake of this course, we can take this to be the definition of the geodesic flow.

Definition 3.20. Let (Q,g) be a Riemannian manifold. We call ¢fI(Q"”P:°) the geodesic
flow. The actual geodesics are obtained by projecting to the base space, v(t) = mg(df (x0)).

Some people call this the co-geodesic flow but we will not bother doing this distinction.
The Hamiltonian point of view on geodesics is extremely helpful to deal with symmetries
of (@, g). This is illustrated by the following.

Ezercise 3.21 (*). The goal of this exercise is to prove Clairaut’s relation for the geodesics
on surfaces of revolution. For any smooth function z — f(z) € R.g, we consider its surface
of revolution around the z-axis in R3,

Sr={(z,y,2) e R*[2* +3* = f(2)’} CR’.

Convince yourself that the name of this surface is well-deserved. We equip X with the
Riemannian metric g; induced by the ambient Euclidean metric gp,a = dz? + dy? + dz°.
Prove that if v is a geodesic, then the quantity

f(1=(t)) cos a(t)

is constant in ¢. Here 7.(¢) denotes the z-component of the curve v and «(t) the angle
between () and the circle of constant height {z = v,(t)} C Xs. Does the converse hold?
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3.4. Symplectic reduction. Note that Hamiltonian circle actions preserve the level sets
of the moment map generating them. Therefore, we can consider the quotient space of any
level set on which St acts freely, i.e. for any x € G~*(go), if 1o(x) = x then 6 € S! is the
neutral element. Equivalently, the stabilizer of every point in G=*(gq) is trivial. The quotient
turns out to be a symplectic manifold in its own right. This procedure is called symplectic
reduction.

Theorem 3.22. Let (X,w) be equipped a moment map G € C*(X) generating a Hamil-
tonian S'-action which acts freely on the level set Z = G~ (go). Then its quotient X, =
G (g0)/S* carries a unique symplectic form wg, satisfying

Prwg, = wlrz, (33)
where p: Z — X, denotes the natural quotient map.

Proof. Let us first prove that X, is a smooth manifold. Firstly, Z is a smooth manifold,
since go is a regular value. Indeed, suppose by contradiction that it contains a critical point
o € G Y(go). Then Xg|s, = 0 and g is fixed under the Hamiltonian flow of G. This is in
contradiction with the action being free. The S'-action on the level set is free by hypothesis
and automatically proper, since S! is compact. Therefore the quotient space is a smooth
manifold.

Let us now show that the quotient carries a symplectic form satisfying . For all z € X,
and Y, Z € T, X,,, we can set

(wgo ) (Y1, Y2) = w3 (Y1, Y2), (34)

where 7 € X is a lift of z and Y}, Y, are lifts of Y;, Y, in the sense that p(Tr) = x and
p*(}Afl) = Y;. Such lifts exist since X, is by definition the quotient of Z and thus p is
a surjective submersion. If we can prove that wy, as defined by is well-defined and
symplectic, then we are done. Indeed, the form satisfies .

Let (7,Y{,Y}) be another triple lifting (z,Y7,Y>) in the above sense. Let us show that
the RHS of (34) yields the same for that triple. First note that there is 6y € S' such
that 1y, (T) = 7', but 1y acts by Hamiltonian diffeomorphisms and therefore preserves the

symplectic form w,
wi(V1, ¥2) = (5,0)a(V1, ¥2) = war(t,): 11, (). 72).
We thus need to compare (14, ),Y1 to ¥/. To that end, note that
pel(Wg,): Y1 = ) = pu(V1) = V1 =0,

since p o ¢y = p. This proves that (@/190)*571 — 171’ is tangent to the fibre direction and thus
there is A such that

AXg = (1g,):Y1 — Y.
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It follows that R R R
w((w90>*}/17 ) = w(}/ll + AXe, ) = w(lelv ) + AdG()?
where the latter term vanishes on T'Z = ker dG. Hence we obtain a well-defined differential
two-form w,, € Q?(X,,) satisfying (33). This form is closed since p*dwy, = (dw)|rz = 0
by and p is a submersion. Non-degeneracy requires some more thought. Recall that
non-degeneracy means that w?: TX — T*X defined by w#(Y) = (Y )w is an isomorphism.
This is the case if and only if
kerw? = {Y € TX | 1(Y)w =0}
is trivial. Although w is non-degenerate on X, its restriction w|rz is degenerate! Indeed,
(((Xe)w)rz = (dG)rz =0,
since, again, 77 = kerdG. For dimensional reasons (think about this!), we find that X¢
is the only degenerate direction, ker w” = span Xs. In other words, symplectic reduction
precisely mods out by the only degeneracy of w|rz and thus the form descends to a non-

degenerate one on the quotient.
To formally prove this, we take Y € T'X,, such that w? (Y") = t(Y)wg, = 0 and show that

Y = 0. Picking Y alift of Y, we can lift the form,
0 = p"(e(Y )wgy) = weo (Y, pu(+)) = weo (Y, pu () = ((Y )w) |7z

Meaning that Y is in the kernel of w|rz, and thus a multiple of X. Therefore p*}/} =Y =0.
O

Remark 3.23. The projection p: Z — X, defines a fibre bundle which is given the structure
of an S'-principal bundle by the action generated by G.

Definition 3.24. We call the so-obtained symplectic manifold (X, ,wy,) the reduced space
(at the level G = gg). It is also sometimes called symplectic quotient or Marsden—Weinstein
quotient. If the hypotheses of Theorem are satisfied, we say that X admits (symplectic)
reduction at the level G = gy.

Example 3.25. Let (R*"72 wp) be equipped with the Hamiltonian
G=m(a+ 2+ ... +22+12).

Setting z; = x; + iy;, we can identify R?*"*? = C"*!. In this notation G generates the
Hamiltonian S'-action 1y = ¢§ given by

Voo, ... ) = (67502, ..., e7™02,).

This is sometimes called the diagonal circle action. The level set for gy > 0 is given by the

sphere of radius \/go/m,
G~ (go) = S*H <\/ 90/7T> :
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The action is free on the spheres, since, for every point z = (2o, ..., z,) on it, there is at least
one z; # 0 and vy acts by rotation on z;. Therefore, we can perform symplectic reduction.
The quotient X,, = S**!/S! is diffeomorphic to complex projective space CP" and the
induced symplectic form is called the Fubini-Study form wps € Q*(CP™). Note that there is
a freedom in choosing ¢ > 0. This freedom corresponds to rescaling the Fubini—Study form,
and different authors use different conventions.

Let us now return to the setting of a Hamiltonian system (X, w, H) which has a first inte-
gral G. Assume furthermore that G is the moment map of a Hamiltonian S'-action. When-
ever G admits symplectic reduction, the reduced space (X, wy,) itself carries a Hamiltonian
system H,, induced by H which recovers some of the dynamics of the original system.

Proposition 3.26. Let (X,w, H) be a Hamiltonian system and G be the moment map of a
Hamiltonian S*-action on X such that {H,G} = 0. Assume furthermore that (X,w) admits
symplectic reduction at the level G = go. Then the Hamiltonian on the reduced space

Hy,: X, — R, defined by Hy, op=H, (35)
has the following property

H
pogy =¢, " op, (36)
where p: G™(g0) = X, denotes the natural quotient map.

Ezercise 3.27 (*). Prove that determines a well-defined Hamiltonian Hy, and prove the
proposition.

Definition 3.28. In the above setup, we call (Xy,,wgy,, Hy,) the residual system of (X, w, H)
at the level G = gy.

Remark 3.29. All of this holds in the much more general framework of Hamiltonian group
actions. These are a certain type of group action by a (compact connected) Lie group G on
a symplectic manifold generated by a moment map

e (X,w) —g",

taking values in the dual to the Lie algebra g*. This map is Gy-equivariant with respect to
the co-adjoint action of Gy on g*. Symplectic reduction can still be carried out to yield a
symplectic manifold p~"(g9)/Go whenever gy € g* is invariant under the co-adjoint action
and the action on the level set is free.

3.5. Example: Spherical pendulum. The spherical pendulum is a physical system con-
sisting of a rigid arm with one end fixed at a point (the origin, say) of R? and with a weight
attached at the other end. It is subjected to a homogeneous gravitational force field. We
assume that the arm has no mass and unit length, that there is no friction, and that the
weight is concentrated at one point and has unit mass.
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In our language, this yields a mechanical system with the following mechanical datum:
Q=25%={(q1,92,®)| ¢ + 3 + ¢ = 1} equipped with the round metric gg2, i.e. with the
restriction of ggua = dgi + dg3 + dg3 to the tangent space of S? and with the potential
P(q1,42,q3) = g3. Recall that the Hamiltonian is given by H(n) = $gs2(V,, V) + P(ms2(n)),
where we have used the metric to define V,, € T'S? as the unique vector such that n =

gs2(Vy,-). Under the identification

T*5% 2 TS* = {(¢,p) = (q1, 42, 43, 1,2, p3) ER* xR [|lgl| = L,p-q =0},  (37)
we can write ) ) )
_n + P+ D3

2
Remark 3.30. Writing it out in these coordinates is dangerous — in fact many authors avoid
it altogether. The solution to the system is not just obtained by looking at Hamilton’s

equations with respect to the (g;,p;), since this would yield a solution in (T*R?, wean), N0t
in the subspace defined by .

The spherical pendulum has rotational symmetry, i.e. we can rotate S? around the gz-axis
without changing the system. Let us prove this formally. Define the smooth S!-action

P ST x §%— S? (38)
(0, (q1,G2,q3)) — (q1 cos 20 — o sin 270, ¢y sin 270 + g9 cos 270, q3)

H(q,p) + ¢s.

The cotangent lift ¢, of this action yields a Hamiltonian circle action on T*S?, see Proposition

3.15 Since v

(1) acts by isometries on (S?, gs2), and
(2) preserves the potential P,

we find that its lift preserves H, i.e. H o () = H.
Exercise 3.31. Formalize this argument.

Definition 3.32. We call the Hamiltonian G € C*(T*S?) generating the Hamiltonian circle
action 0 +— (1), angular momentum.

Since dH(X¢) = 0 and we find that
{H,G} =0.
Thus (T*S?, Wean, H) has a first integral G.

Remark 3.33. Since we are in dimension four, this is the maximal amount of symmetry one
can have, and thus the spherical pendulum is an integrable system. Furthermore, this integral
generates a Hamiltonian circle action, meaning that we are in a very favorable situation!

The Hamiltonian S'-action vy is generated by the function

G(q,p) = 2m(q1p2 — @2p1)-
This is angular momentum with respect the rotation around the g¢3-axis.
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Exercise 3.34. Prove that G generates 1. Hint: After you're done, look at your so-called
proof and find the mistake. Now fix it.

Let us now analyze the dynamics of the pendulum. A fixed point of ¢! is called equilibrium
and the equilibria are equal to the critical points of H. Indeed, by Hamilton’s equation, these
are exactly the points where the vector field Xy vanishes. In the case of a mechanical system

(Q797 P)7
Crit H = {(q0,0) c T*Q | Qo € Crit P C Q},

i.e. every equilibrium point lies on the zero-section and corresponds to a critical point of the
potential P.

Exercise 3.35. Convince yourself of this.

In the case of the spherical pendulum, the potential P = g3 has the north pole N = (0,0, 1)
and the south pole S = (0,0, —1) as critical points (Recall that we need consider P|g: as a
function on S?, not on R3). Therefore, the equilibria are (N, 0), (S,0) C T*S?. These points
correspond to the pendulum being at rest and in a vertical position pointing upwards and
downwards respectively.

Since G generates a Hamiltonian S'-action, we can perform symplectic reduction as in
Theorem to obtain a residual Hamiltonian system as in Proposition [3.26] Recall that
the system admits reduction on the level G71(gy) if the S'-action on that level is free. A
necessary condition is that gy be a regular value. Critical points of G are fixed points of
the action 1, and those are exactly (5,0) and (N,0). The fact that Crit H = CritG is a
coincidence! The only critical value of G is therefore gy = 0. It is therefore extremely useful
to decompose T*S? into invariant subsets

T*S* = {G =0} U {G # 0},
which we analyze separately. We start with G = 0.

Proposition 3.36. A point (qo, po) € T*S? has vanishing angular momentum, G(qo, po) = 0
if and only if its orbit y(t) = ws2(¢H (qo,p0)) € S? is contained in a great circle through
the North and South Poles, N = (0,0,1) and S = (0,0,—1). Furthermore, the spherical
pendulum restricts to a planar pendulum on every such circle.

Proof. 'The if direction follows either from direct computation or by interpreting G in terms
of the vector product,

Glq,p) = (px q) - €3. (39)
Recall that p x g is orthogonal to the plane spanned by p, ¢ € R? and thus if p, ¢ are contained
in a plane containing N, S then p x ¢ is orthogonal to e3 and G = 0. The only if direction
is slightly more involved. Let (go,po) € T*S? be a point with G(qo,po) = 0 and let IT C R?
be a plane spanned by qg, po. If po = 0, then we pick such a plane containing the poles N, S.
If po # 0, then the plane is uniquely defined as II = (py x qo)*. By , we find that the
condition G(qo, po) = 0 shows that this plane contains the North and South Poles. We need
to prove that the full orbit is contained in II.



28 JOE BRENDEL

Because of rotational symmetry, we can assume without loss of generality that IT = {¢; =
0}. Denote by R™: §% — S? the reflection (q1, ¢2, ¢3) — (—q1, @2, g3) through II. Its cotangent
lift R{': T*S? — T*S? is given by

(q1, 92,93, 01, P2, P3) — (—a1, G2, q3, —P1, D2, P3)

and preserves H, meaning that H o RI' = H. Note that R*(qo, po) = (qo, po). We claim that
the fixed point set

Fix R = {(¢,p) € T*S*| R(¢,p) = (¢,p)} = {1 = p1 = 0}

is preserved under the flow ¢f7. Indeed, since R[! is a symplectomorphism, the discussion

surrounding shows that
(R X# = Xpyopn = Xir.

This proves that Xp is tangent to Fix R[' and hence its flow preserves the great circle
mg2(Fix R{Y) C S2. Restricting the metric, the potential and the symplectic form to Fix RJ!
yields the planar pendulum. Indeed, this can be checked by picking an explicit embedding

it SEPx R —T*S%  (0,pg) — (sinf, — cos @, pycos b, pgsin )

which parametrizes Fix R{' and computing the pull-back system (S* x R, i*wean,i*ggz,i* P)
to find that it agrees with the planar pendulum. O

Fxercise 3.37. The spherical pendulum is not just a collection of planar pendula: Which
part of the (only if part of the) proof fails when G # 07

The set {G = 0} consists of an S'-family of planar pendula. These intersect in the
equilibria at the North and South poles.

Remark 3.38. The circle action generated by G acts on the orbits of the planar pendula in
an interesting way. Recall from that the planar pendulum has a critical value at H =1
below which its level sets are circles and above which they are a disjoint union of circles. A
half-turn ¢ maps a circle below the critical value to itself, whereas, above the critical value,
it interchanges the the two connected components of the level set!

Let us move to the invariant subset {G' # 0}. Trajectories with G # 0 do not intersect
the poles S, N. Indeed, for every (qo, po) € T&S* UTES? we have G(qo, po) = 0. Since 1y acts
freely on S?\ {S, N}, we deduce that the lift acts freely on G™(go) C T*S5?*\ (T&S*UTES?).
Therefore, for every gy # 0, the system admits symplectic reduction by G. In order to
identify the so-obtained quotient spaces, it is convenient to introduce a chart. We choose
spherical coordinates

p: A=8"x(0,1/2) — S*\ {S, N},

(0, ) — (sin 27 cos 270, sin 2wa sin 276, cos 2ma),
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which yield a diffeomorphism omitting the poles. Note that this diffeomorphism is S1-
equivariant with respect to the rotation in the first factor on the domain and the action 1)y
on the target. The cotangent lift yields an exact symplectomorphism

o T*A — T*S?\ (TS UTES?). (40)
On T*A =T*(R/Z x (0,1/2)) = T*(R/Z) x T*(0,1/2), we choose the natural coordinates
(0,0, pp,pa) € R/Z x (0,1/2) x R x R. (41)

Recall that, formally speaking, these are defined by

1= oM 6(),a(m) + Pa(N)d(o@m),a(m)-

for all n € T*A. In the cotangent chart, the Hamiltonians H, = H o ¢, G, = G o ¢y look as
follows

1 Pj
Hy (0, a,pg, pa) = o2 ((sin 27a)? +pi> + cos2ma,

Gs@(9> a7p6>pa) = 27Tp9'
Ezercise 3.39 (*). Prove this. Hint: For G, you should not compute anything. For H, use
the discussion surrounding Proposition [2.32] You’ll need some familiarity with Riemannian
metrics for that.
Remark 3.40. The Hamiltonian system (7™A,wean, H,) is not complete!! Recall that this

means that the flow qbf ? may not be defined for all times, depending on which point we
start with. Indeed, solutions of (T*S?% wean, H) intersect at least one of the fibre Tx.S%, T%S?
if and only if G = 0. Since this is an equivalence, the system becomes complete when we
restrict our attention to {G, # 0} = T*A\ {ps = 0}. Since this set is equal to ¢, (G # 0),
it is exactly the subset we are interested in, here!

We are now ready to perform symplectic reduction with respect to G.

Proposition 3.41. The residual Hamiltonian system of (T*S?, wean, H) at the level G =
2mgg # 0 is given by

(T%5%)g, = T7(0,1/2) = (0,1/2) x R = {(a, pa)},
(Wean)go = wl 012 — do A dp,,

2 2
H . pa gO

= - + cos 2ma.
9 8n2 " 8r2(sin 2ma)? i

Proof. Since G # 0, the level set G = 2mgg # 0 is completely contained in the image of ¢,
and thus we can work with the residual system of (7" A, wean, H,) at the level G, = 2mgo,
instead. In the coordinates , the level set is

G, (2mgo) = R/Z x (0,1/2) x {go} x R,
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and the action on it is the obvious S'-action on the first factor. Therefore symplectic
reduction simply eliminates the first factor in T*A = T*(R/Z) x T*(0,1/2). Since the
symplectic form also splits, wean, = df A dpy + da A dp, we find that the reduced space is
(1(0,1/2), da Adpy). The residual Hamiltonian H,, is simply the restriction to the level set,
which yields the expression we have claimed. Note that its well-definedness on the symplectic
quotient is reflected in the fact that H, does not depend on 6. O

The Hamiltonian H,, is again mechanical, and its potential is
_ 9
872 (sin 2mav)?

This is called the effective potential, because a part of the kinetic energy term of H has been
absorbed into the potential.

Pt g, () + cos 27a. (42)

Definition 3.42. A point x € G™'(go) is called relative equilibrium if it maps to a critical
point of the residual Hamiltonian Hg,, i.e. if p(z) € Crit Hy,.

A point z € G7!(go) is a relative equilibrium if and only if there is A € R such that
Xule = MXg|.. Physically, this means that the system H has the same flow (up to time
reparameterization) as the symmetry. In our case this means that the solutions of H are
obtained by rotating the sphere. For every g, # 0, the effective potential P4, has one
critical point which is a global minimum. We call the critical point awit(g0) € (0,1/2).
Actually, a more detailed analysis of P.g g, shows that

acrit(QO) € (1/47 1/2)

with ait(go) approaching 1/4 as gg — Foo. This means that when we increase angular
momentum, the rotational solutions coming from the relative equilibria approach the equator
of the sphere. And there are no such solutions in the upper hemisphere!

The residual Hamiltonian H,, = % + Putr g, (o) thus has one critical point (orit(go),0)
which corresponds to a global minimum. Let m(go) be the value of that minimum, i.e.

m(gl)) = Hgo((acrit(g())a 0)) = Peff,go (acrit(QO))'
The graph of the function

m: R\ {0} = R, go— m(g)

is roughly shaped like a parabola with limg\ om(go) = limg, o m(go) = —1 and thus we
extend m by continuity. The resulting function is not smooth at gy = 0.

Remark 3.43. Let us interpret this physically. For a given angular momentum g, the pen-
dulum cannot have energy less than m(gg). Indeed, on the level set G7'(gy) the energy
H restricts to the function Hy, which satisfies Hy,, > m(go). Furthermore, for fixed an-
gular momentum ¢y and energy hg, the trajectory ~(t) € S? is trapped in an annulus
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{(0,0) | € [Omin, Omax]} € S? where the segment [uin, Omax] is determined by project-
ing the level set H,'(hg) to the a-axis.

Now consider the map
F= (G H):T*S* = R*={(g,h)}. (43)

This is what we call an integrable system below. Note that the fibres of this map are invariant
sets of ¢ so they contain the orbits of the Hamiltonian system we are trying to solve! A
common theme in the study of integrable systems is trying to understand the geometry of
this map, i.e. its critical points and the topology of its fibres.

Proposition 3.44. The image of F' as defined by s given by
im F = {(g,h) € R?|h > m(g)}.
Its critical values are
Critval F = {(g,h) € R*|h = m(g)} U {(0,1)}.

Its fibres of F' are as follows
(1) F~1(0,—1) consists of a point which is the equilibrium point (S,0);
(2) F71(0,1) is a two-sphere with one self-intersection (this is also sometimes called
a pinched torus). The self-intersection point is the equilibrium point (N,0) and its
complement consists of an S*-family of non-periodic orbits as in the planar pendulum;
(3) F~Y(g,m(g)) for g # 0 is a circle corresponding to a relative equilibrium type orbit;
(4) all other fibres are smooth two-tori.

In particular, all of its fibres are compact and connected.

Proof. For g = 0, the system restricts to planar pendula, which have energy H € [—1, +00)
in our convention. For g # 0, note that H|g-1(y = Hy o p under the symplectic quotient
map p: G~*(g) — (T*5?),, therefore

im H|g-1(y) = im Hy = [m(g), +00)

as claimed.
As for the critical points, note that € Crit F' if and only if there are A, Ay € R such that

MXple + Xel, =0

This happens either if the rank of dF|, is zero or one. The case of rank zero happens to
coincide with the equilibrium points x € {(S,0),(N,0)}. Their critical values are (0, —1)
and (0,1). In particular, those are contained in the level g = 0. There are no other critical
points in this level, which is why we can suppose g # 0 from now on. In that case the rank
of dF |, is at least one since there are no critical points of the H,G as individual functions
in that case. Therefore if = is critical we can suppose that

XH‘x = )\XG‘xa
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meaning precisely that x is a relative equilibrium! By the above analysis, this happens only
for p(x) = (qait(g),0). Again, since H, lifts to the restriction H|g-1(4), we find that the
critical value is (g, m(g)).

To determine the topology of the fibres, let us start with the case g # 0, where we can
perform symplectic reduction. Recall that p: G~*(g) — (T*S?), is a principal circle bundle.
Furthermore, we have

F~(g,h) =G (g)nH(h) = p~"(H, ' (h)).

g
By the analysis of the function H, on the reduced space, we know that H,'(m(g)) is a
point, while all other levels above m(g) are diffeomorphic to circles. Therefore the fibre
F~'(g,m(g)) is a circle and the fibres F~'(g, h) for h > m(g) are tori. Indeed, they are the
total space of a principal circle bundle over a circle and thus diffeomorphic to a torus. The
case g = 0 follows from interpreting the level set G = 0 as an S*-family of planar pendula
and is left to the reader. O

Remark 3.45. The fact that the fibres over regular values of F' are tori is not a coincidence.
We will see below that any compact connected fibre over the regular value of an integrable
system is a smooth torus.

Ezercise 3.46. Carry out a similar analysis for the geodesic flow on surfaces of revolution (see
also Exercise [3.21)): When can one do symplectic reduction? Are the residual Hamiltonian
systems themselves mechanical? Are the fibres of the system compact?
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4. INTEGRABLE SYSTEMS AND THE ARNOL’D-LIOUVILLE THEOREM

4.1. Basics of integrable systems. We start by the definition of a commuting/integrable
system.

Definition 4.1. Let (X,w) be a symplectic 2n-manifold. We call a smooth map F =
(F1,...,F,): X = R™ commuting system if

(1) its fibres F~(b) are connected,

(2) the set of reqular values is open and dense in the image of F,

(3) its components Poisson-commute pairwise, i.e. {F;, F;} =0 for all i, j.
If, additionally, such a system has compact fibres, we call it integrable system. We denote
its 1mage by B = im F' C R" and the set of reqular values by B, C B.

The full name should probably be completely integrable Hamiltonian system, but we will
abbreviate here. The reader should think of the coordinate functions F; as Hamiltonian
functions. The Hamiltonian flows of these preserve the fibres F'~1(b), see Proposition .
We think of F' as the base of a singular fibration, the fibres of which are invariant subsets
of the commuting/integrable system. As always, unless we state otherwise, we only consider
systems whose flows are complete, i.e. defined for all times ¢.

Exercise 4.2. Show that n is the maximal number of such functions one can have, i.e. prove
that if there is a map F': X** — R* having the properties of a commuting/integrable system,
then k < n.

Ezxamples 4.3. (1) By what we have proved in , the spherical pendulum is an inte-
grable system.
(2) On (R?" = C",wy), the map

F(z1,...,20) = (zlz ... 7zal?)

is an integrable system. Its image is B = R%; and its regular values lie in B,.; = RY.
The fibres are the so-called product tori, F~(by,...,b,) = {7|z|* = b;}, which are
compact and connected. This is a very special system, because its flows (bf ' (given by
rotation in the i-th coordinate plane) are Hamiltonian S*-actions which fit together
to an effective Hamiltonian T™-action.

(3) Again on (R*",wy = Y, dz; A dy;) the maps

G(r,y) =z, F(z,y)=y

(where we have denoted x = (z1,...,2,) € R" and y = (y1,...,yn) € R™) both
define commuting systems, which are not integrable systems. The fibres are copies
of R". The Hamiltonian flows are just given by coordinate translation X¢, = —0,,
and Xp, = 0,,.

(4) Let us turn the previous example into an integrable system. To that end, we consider
the x;-variables modulo 1 and call them 6;. Let (R/Z)" x R™ = {(6;,b;)} be equipped
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with the symplectic form wy = ). df; Adb;. Let J(0,b) = b. The coordinate function
Ji(0,b) = b; generates the standard rotation in the i-th circle. This space is symplec-
tomorphic to the cotangent bundle T*T™ of the n-torus 7" = (R/Z)™ equipped with
Wean- The map G is not the projection to the base T™ but to the fibre of T*T™. This
only works because T*T™ — T" is a trivial bundle. Let U C R" be an open subset.
Then we set

TU)=J"'(U) ={(0,b)|be U},

equipped with the restriction of wy. Since the b-coordinate is preserved under the
flows qﬁ;] ‘., we obtain a complete Hamiltonian system

J: T(U) = U CR", (44)

which will serve as model system.

Remark 4.4. Examples (2) and (4) are very special!l Not only are they integrable systems,
but, additionally, the flows qbf * generate Hamiltonian S'-actions. Since these actions com-
mute, they fit together to a T"-torus action and this action is effective. In this situation F’
is the moment map of a toric action.

Given a commuting/integrable system, it is easy to define new ones. In fact, it suffices to
post-compose the system with any diffeomorphism of the base. This fact and the transfor-
mation behaviour of the system under diffeomorphisms will be very important throughout
the rest of the course.

Proposition 4.5. Let F': X — R"™ be a commuting/integrable system and f: R" — R" a
diffeomorphism. Then the map G = fo F

(1) is again a commuting/integrable system (with the same set of fibres!);
(2) for all x € X, has Hamiltonian flows given by

o () = qbf;ll 0...0 gbf;jl(a:), for allt € R, (45)

where & = g{; (F(x)), in the standard coordinates (b, ...,b,) € R". When viewed as

functions of x € X, the & only depend on the base point b = F(x).

Proof. 'The set of fibres of F' and G = f o F' agree and thus the fibres of G are connected,
too. The set of critical values are related by Critval G = f(Critval F'), therefore the regular
values of G are open and dense in the image imG = f(im F). For z € X with b = F(z), we
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can compute

dGz|x = d(fz o F)|.Z’

_ Z fl ° F 2)db;| ()
af’L 8Fk
Z i, (@) - ()bl
N9
=3 5 (D)dFil.

Using Hamilton’s equation and the bilinearity of w, we find

ofi

Xeila = by,

Therefore the Poisson brackets can be written as

_ N\ 901 _
{G'MG]} - ; abk 8bl {Fka E} - 07

since all Poisson brackets {Fy, F;} vanish. There is a subtlety here: We have used that the
coefficients 0, f; depend only on the base coordinate b = F(x) and can thus be treated as
elements € R. If this was not the case, the Leibniz rule would make terms of the form
{0, fi, Fr.} # 0 appear. It follows that G is again an integrable system. Equation (45)
follows from integrating . O

Remark 4.6. Should we think of G = f o F' as new integrable system? After all, the set of
fibres of F' and G coincide as we have only reparametrized their values in R™. So topologically,
these systems agree. But in terms of dynamics, they do not, as (45]) shows.

Remark 4.7. On the fibre F~1(b) = G'(f(b)) C X, the vector fields (Xg,,...,Xq,) are
obtained from the vector fields (Xp,, ..., XF,) by multiplying with

af;
Df()" = ()
ob; i
Again, we stress that this transformation only depends on b, not on the specific point in the
fibre.

4.2. The Arnol’d—Liouville Theorem. We now turn to one of the main results of this
course.

Theorem 4.8 (Arnol’d-Liouville). Let F': X — B C R" be an integrable system with
reqular values Byeg and by € DByeg. Then there is a neighbourhood U C Bieg of by and a
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pair ( , f) consisting of a diffeomorphism f: U — V C R"™ and of a symplectomorphism
YU) — T(V) such that
foF =Jo1. (47)
Here J: T(V) — V denotes the integrable system defined in Example (4).

Properly understanding this result requires some unpacking:
(1) Tt claims first of all that the fibre F'~1(by) has a neighbourhood which is symplecto-
morphic to 7 (V) = T" xR™ equipped with the standard symplectic form ), df; Adb;.
(2) The symplectomorphism v maps fibres of F' to fibres of J, in the sense that

D(ETB) = JTHf0) =T x {f(b)} C T(V).
In particular, every regular fibre of F' is a torus (called Arnol’d-Liouville torus) and
the restriction F'|p-1y: F~'(U) — U is a trivial torus bundle.

(3) In terms of dynamics, these tori are invariant subsets. Furthermore, as we will see
in Exercise below, the flows ¢{" are linear in the natural coordinates on F~!(b)
induced by . The Arnol’d-Liouville theorem does not say that the flows ¢f i are
conjugate to the flows ¢;*. Indeed, the latter are always periodic of unit period,
whereas the former are not.

Ezercise 4.9 (*). In the setup of the Arnol’d-Liouville theorem, use its statement to prove
that for all x € U the Hamiltonian flows of F' and J are related by

(lﬁocbfl)( )= ¢t§1 Qstgn(@b( z))
for some ¢; depending only on b = F(z) € B.
The space model space 7(V) = (R/Z)" x R™ has natural coordinates {(6;,b;)}. The

coordinates induced on F~!(U) by % via the Arnol’d-Liouville theorem are called action-
angle coordinates.

Definition 4.10. The functions

Jio: FTHU) = R, x> bi(¢(z))
are called action coordinates. The functions

FYU)— S'=R/Z, z 0;(¢(x))
are called angle coordinates. A regular fibre F~1(b) C X of F is called Arnol’d-Liouville
torus.
4.3. Interlude: Integrable systems on surfaces. Let us have a closer look at integrable
systems and Hamiltonian circle actions on symplectic surfaces, i.e. in dimension two.

Ezercise 4.11 (*). Let (X,w) be a symplectic surface, i.e. dim X = 2. Furthermore let
F: X — R be a Hamiltonian and by € R a regular value such that F~1(by) C X is compact
and connected (i.e. a circle).
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(1) Show that there is a neighbourhood I C R of by such that the Hamiltonian flow of
F is periodic on F~(I).

(2) Show that there is a well-defined period function P: I — R\ {0}, satisfying the
following: If ¢} (z) = z for some x € F~(I) then § = kP(F(z)) for some k € Z;

(3) Is the period function unique with respect to the latter property?

(4) Show that on such a neighbourhood I, there is an invertible function f: I — I’ C R
such that fo F': F~Y(I) — I’ is the moment map of a Hamiltonian S'-action, i.e.
that

o1 (x) = o, forall z € F71(I).

Hint: For this part of the exercise, you may assume some regularity of P without
proving it. We will see later that P is actually C*°.

Actually, the moment map of a Hamiltonian circle action on a surface has the following
beautiful interpretation.

Proposition 4.12. Let F' be a Hamiltonian on a symplectic surface (X,w) and let I =
(bo,by) C R be a subset of the reqular values of F such that F~X(b) is diffeomorphic to a
circle for allb € I. Then F induces a Hamiltonian S*-action on F~Y(I) if and only if

/ w=>b-—>by, forallbe (by,b). (48)
F=1(bo,b)

Ezercise /.13 (*). The goal of this exercise is to prove the proposition.
(1) Show that there is a smooth section 7: (b, b1) — F~(bg,b1) of F, meaning that

F(y(s)) =s, forallse (by,br).
(2) Prove that the map
e R X (bo, br) — F~ (bo,b1),  (t,5) = &/ (7(s))

is a local diffeomorphism and satisfies h*w = dt A ds.

(3) Is h a symplectomorphism?

(4) Prove the Proposition. Hint: For the if direction, interpret the integral in in
terms of the period function P from Exercise [4.11}

Ezercise 4.14 (*). Using the above, prove the Arnol’d-Liouville theorem in dimension two.

4.4. The fundamental action and the period lattice. Recall that if {H,G} = 0, then
any joint level set (H, G)~(by) is preserved by both the flow generated by H and the flow gen-
erated by G. If by is a regular value, these flows are linearly independent and thus we expect
the level set to decompose into two-dimensional invariant subsets. For integrable/commuting
systems, something very remarkable happens: The dimension of the level set agrees with the
dimension of its invariant subsets. Therefore, under the connectedness assumption, the level
sets consist of one single orbit! Let us now formalize this.
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Let I': X — B be an integrable system, and U C B, an open subset. Define
O=0":R"x F"Y(U) = F'(U), (r1,...,Tn,2) = ¢ o...0 ¢t (z) (49)

Since the components F; Poisson-commute pairwise, we obtain &£ o = = & o ®f, for any
7,7 € R". Here we have denoted ®, = ®(r,—). Thus the map (49) deﬁnes smooth
R™-action on F~!(U). Note that this action is symplectic in that it satisfies (®f)*w = w.

Proposition 4.15. The restriction of ®F to every reqular fibre F~1(b) yields a transitive
R™-action. The stabilizer of this restricted action is discrete.

Recall that a topological group is called discrete if its unit is an isolated point, i.e. has a
neighbourhood which intersects the group only in that point.

Proof. The restriction is well-defined since ®f preserves F. To show that the action is
transitive, let z € F~(b) and let O, be its orbit. We need to show that F'~1(b) = O,. The
orbit O, C F~(b) is open: Indeed, the Hamiltonian vector fields Xp,, ..., Xp, are linearly
independent and the fibre F~1(b) is n-dimensional. Therefore the map 7 — ®£'(z) is a local
diffeomorphism. Any point y € F~1(b) in the complement of O, belongs to its own orbit
Oy, which is also open by the previous argument. Hence the orbits are closed and open
in the connected set F~!(b). The stabilizer is discrete again because 7 — ®'(z) is a local
diffeomorphism and thus there is a neighbourhood of 0 € R™ which does not contain any
other elements in the stabilizer. O

Now let # € F~1(b) be a point in a regular fibre of an integrable system. We now know

that the map
R" — F7Y(b), 7+ @, (z).

is a local diffeomorphism and that it descends to an honest diffeomorphism R"/stab(z) —
F~Y(b). Furthermore, the stabilizer only depends on b, since the fibre consists of a single
orbit?

To understand the topology of the fibre F~!(b), we are thus left with understanding
discrete subgroups of R™. The following classification of discrete subgroups of R"™ is classical,
see e.g. [Il Lemma 3, p.276].

Theorem 4.16. Let A C R™ be a discrete subgroup. Then there is a basis vy, ...,v, C R"
such that A is spanned (over Z) by vy, . .., vy.

Definition 4.17. A discrete subgroup of R™ is called a lattice. The integer k € N as in
Theorem is called the rank of A.

This yields a complete understanding of the topology of fibres of integrable and commuting
systems.

%In general the stabilizer of different points in the same orbit are related by conjugation. Since R™ is
abelian, the stabilizer is actually constant
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Proposition 4.18. Fvery reqular fibre of an integrable system is diffeomorphic to the n-torus
.

Proof. As we have discussed above, it follows from Proposition[4.15that F~'(b) 2 R" /A, for
some lattice A, C R". By Theorem [4.16] we find that F~!(b) is diffeomorphic to T% x R"~*,
where £ is the rank of A,. Recall that the fibres of integrable systems are compact, meaning
that k =n and F~1(b) = T™ in that case. ]

Remark 4.19. Everything in the discussion above Proposition holds for both integrable
and commuting systems. The proof of it shows that every regular fibre of a commuting
system is diffeomorphic to T* x R"~* for some k € {0,...,n}.

Definition 4.20. Let b € B,es be a regular value of an integrable system F': X — B. The
set

A} =stab(z) = {r € R* | ®"|p-1() = id} C R”
for any x € F~1(b) is called period lattice (of F') at b. We call

A ={(1,b) ER" X Byeg | T € Ay} CR™ X By
period lattice. We often just write A = A¥ in case there is no ambiguity.

Again, the first definition does not depend on the choice of z € F'~1(b). Proposition m
shows that the set A, C R" really is a lattice. We think of A — B¢, as a lattice bundle.
Note that for now we have not shown that b — A, depends smoothly on b € B, i.e. that
this is an honest bundle. This follows from Proposition [4.23] see Remark [4.24]

Exercise 4.21 (*). Let F': X — R™ be a commuting/integrable system and U C Bi,. Let
f:U—V =F(U) C R"”be adiffeomorphism. Then the period lattice transforms as follows:

AJeh = (Dro) )AL (50)

4.5. Symplectic covering. The previous discussion has shown that, for any integrable
system F': X — B, the restriction

Flp-1(Bry): F (Breg) = Bhreg

is a T™-bundle. This follows, via the fibration lemma, from the compactness of the fibres.
Additionally, this fibre bundle comes with a fibre-wise R™-action and thus a trivialization
corresponds to picking a section of the bundle. Thus every choice of smooth section gives a
natural trivialization of the bundle.

Definition 4.22. Let U C B,e,. A smooth section (of ' over U) is a smooth map s: Bieg D
U — F~YU) satisfying
Fos= idU .
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By differentiating this equation, we find any section automatically has maximal rank,
meaning that it gives an embedding of U into X. Because of the local triviality of F
smooth sections exist locally. Given a local section, we can define an associated symplectic
covering of the integrable system.

Proposition 4.23. Let U C B,ez be a subset of the regqular values of an integrable system
F: X — B which admits a smooth section s: U — F~*(U) C X. Then the map

P=PjR*xU—F'(U), (1,b)— ®" (s(b))
(1) preserves fibres in the sense that F(P(7,b)) = b;
(2) is a local diffeomorphism satisfying
P'w =73, db; \dr; + 7} 3,

where wy: R™ x U — U 1is the obvious projection map and = s*w;

(3) is not injective. In fact it satisfies
P(7,0) = P(7",b") if and only if b=V and 7' — 1 € Ay,
where Ay, denotes the period lattice of F at b as in Definition [4.20
Proof. Point (1) is a straightforward computation,
F(P(1,b)) = F(®L (s(0)) = F(s(b)) = b.

Let’s prove (2). Let us compute the push-forward under P of the standard basis vectors
0, and 0O,,. As in the case of cotangent bundles, we make a natural abuse of notation by
denoting by J,, both the vector fields on R" x U and their projections to U. Using and
the fact that the Hamiltonian flows ¢* are generated by the Hamiltonian vector fields X,
we compute

Py Fn
P 000 00 )b)

7 aTZ 7
On the other hand,

P,0y, = (B ),5.0,.

The former set of vectors spans the tangent space TF~1(b) of the fibre and the latter spans
(some ®f-translate of) the tangent space of the section s. Since these two subspaces are
transversal, the differential of P has maximal rank and is thus a local diffeomorphism. To

determine P*w, compute
(P*W)(aTmaTj) = W<XF1'7XF]') = {sz ‘FJ} =0,
and
(P*w) Dy Ob;) = W((P7 )5:Ds, (7 )25.5p;) = W (5.0, 5.0p,) = By, Dy, ),
where we have used that ®f acts by symplectomorphisms for all 7 € R™ and have set
£ = s*w. Furthermore, we find

(P*w)<abj7 aﬂ) = w((q)f)*s*abﬁ _XFi) = dFl(((Df)*S*abJ) = dFi(S*abj) = dbi<abj)7
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where we have used (in the same order) that Fj is invariant under the action ®¥, the fact
that F' o s = idy, and that the coordinate b; in U C R™ is the image of F;. The expression
db;(0y,) is equal to 1 if ¢ = j and vanishes otherwise. This proves (2).

For claim (&), the if direction follows from the definition of P as P(r,b) = ®% (s(b)) and
the fact that Ay is defined as the stabilizer the R™-action 7+ ® on the fibre of F. For the
only if direction, apply F' and point (1) to find that b = b'. Furthermore, if P(7,b) = P(7,b),
then ®f, _(s(b)) = s(b) meaning that 7/ — 7 € A, by definition of Ay as the stabilizer. O

T/ —7

Remark 4.24. By Proposition point (3), we find that
Aly = P~ Y(graphs) C R" x U. (51)

In particular Aly is smooth since P is a local diffeomorphism. Since smooth sections always
exist locally, we deduce that A is a smooth submanifold.

4.6. Lagrangian submanifolds and Lagrangian sections. By Proposition 4.23] we can
find a chart P for the system which satisfies

P'w=>".db; Ndr, +nj;3, for f = s*w.

Note that the error term [ for P to be a symplectomorphism with respect to »_.db; A dr;
depends on the choice of section s. In fact, we can get rid of it by choosing a Lagrangian
section, instead of a just a smooth one. Let us discuss Lagrangian submanifolds. These are
of crucial importance in all of symplectic geometry.

Definition 4.25. A submanifold L C (X,w) with 2dim L = dim X s called Lagrangian if
the symplectic form vanishes on its tangent spaces, w|ry, = 0. An embedding v: L — X s
called Lagrangian if t*w = 0.

Remark 4.26. Why do we care about Lagrangian submanifolds? They are ubiquitous in
symplectic geometry/topology. Very often, they are responsible for symplectic rigidity. A
more down-to-earth explanation related to dynamics and physics is the following one. Let
H: X — R be any autonomous Hamiltonian. We know that any level set H!(c) is an
invariant set of the Hamiltonian flow ¢f". Any Lagrangian submanifold contained in H~!(c)
is automatically an invariant subset, too! Note that, generically, the level set has dimension
2n — 1 and the Lagrangian has dimension n, meaning that having invariant Lagrangian
subsets is much more useful to solve the Hamiltonian system.

FEzercise 4.27. Prove this. To be precise: Prove that for any (autonomous) Hamiltonian
H: (X,w) — R and any Lagrangian L C (X, w) satisfying L C F~!(c) for some ¢ € R, the
Lagrangian L is an invariant subset of the Hamiltonian flow ¢f.

The image of a Lagrangian embedding is a Lagrangian submanifold. Any embedding
having a Lagrangian submanifold as its image is Lagrangian. We will often call Lagrangian
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submanifolds simply Lagrangians. This is not to be confused with the Lagrangian functionals
from classical mechanics.

Ezxzamples 4.28. (1) Every smooth curve in a symplectic surface is a Lagrangian subman-
ifold. This just follows from the skew-symmetry of symplectic forms.

(2) Let (T*Q,wecan). Then the zero-section and the fibres are Lagrangian submanifolds.
Indeed, recall that locally we can write wean = D, dg; A dp; and the zero-section is
determined by {p = 0} and the fibres by {q = ¢.} for some point ¢, € Q. Therefore
all dp; vanish on the tangent spaces on the former, whereas all dg; vanish on the
tangent spaces of the latter.

(3) Let f: R® — R be a smooth function. Consider its gradient x — V f(x) as a map
R™ — R™. Then the graph

{(2.Vf(x)) CR" x R")

is Lagrangian in R*" equipped with the standard symplectic form Y, dz; A dy;. One
can check this statement by hand. However, we will see a generalization in Proposi-
tion [4.29]

(4) Let F: X — B be a commuting/integrable system. Every fibre F~!(b) is Lagrangian.
Indeed, the tangent space T,,F~!(b) is spanned by the vectors Xg,|,,. .., Xr, |, and

W(XFi7XFj) = {E’FJ} = 0.

Proposition 4.29. Let Q) be a smooth manifold. The graph of a one-form a € T(T*Q) =
OYQ) is Lagrangian if and only if v is closed, da = 0. In particular, the graph

graphdf = {df|; € T"Q | q € Q} (52)
of any differential of a smooth function f € C*(Q) is Lagrangian.

Proof. Let a € QY(Q) and let Og: @ — T*Q be the zero-section. Then the embedding
t_q00g: Q — T*Q has the graph of a as its image. Here ¢_, denotes translation the
fibrewise translation 1 +— 7 + ax () as in Definition 2.22] By Proposition we can
compute

(t*a © OQ)*wCan = Ozg(wcan - Wad@> = —dOé,

proving that the embedding (and thus its image) is Lagrangian if and only if da. Equiva-
lently, one can use Proposition point (2). O

Lagrangians have the following remarkable property: Every two compact Lagrangians
which are diffeomorphic have symplectomorphic neighbourhoods. For a fixed diffeomorphism
type L, one often takes the zero-section in the cotangent bundle T* L as model to state this
result as follows:
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Theorem 4.30 (Weinstein’s Lagrangian neighbourhood theorem). Let L C (X,w) be a
compact Lagrangian submanifold. Then there is a neighbourhood W of L and a symplecto-
morphism

x: W= x(W) € (T"L, wean),  x(L) = O,
where (T* L, wean) denotes the cotangent bundle of L equipped with the canonical symplectic
form wean, which we have discussed in and 07, denotes its zero-section.

This result follows from a variant of the so-called Moser’s trick, we refer to [2, Chapter §]
or [4, §3.4] for details.
Let us return to sections of commuting/integrable systems.

Definition 4.31. Let F': X — B be a commuting/integrable system and U C Bz be an
open subset of regular values. A Lagrangian section (of F' over U) is a smooth section
s: U — F~Y(U) satisfying s*w = 0.

Note that this means that s is a Lagrangian embedding of U into F~'(U) and thus that
the graph of s is a Lagrangian submanifold of (X,w). A crucial ingredient in the proof of
the Arnol’d-Liouville theorem is the local existence of Lagrangian sections.

Lemma 4.32. Let b € B,z in the basis of an integrable system F': X — B. Then there is
a neighbourhood U C Byeg of b and a Lagrangian section s: U — F~1(U).

Proof. The fibre L = F~(b) is compact by our definition of integrable systems, it is a
submanifold since b € B, and it is Lagrangian by Example (4). Hence, Theorem
yields a symplectomorphism x of a neighbourhood W of L to a neighbourhood x (W) C T*L
of the zero section 0, C T*L. Pick a point y € L and let S = x (T LNx(W)) be the inverse
image of a cotangent fibre under y. Note that S is Lagrangian since any cotangent fibre
is Lagrangian and y is a symplectomorphism. Let us now construct a Lagrangian section
having S as its image. Since T, L is transverse to 0z, its inverse image S is transverse to L,

T.X =T,S®T,L=T,5®T,F'(b).

Since F is a submersion on a neighbourhood of L and T,F~'(b) = ker DF|,, we find that
DF|, restricts to an isomorphism 7,5 — T, B for dimensional reasons. Therefore, there is a
neighbourhood U of b such that

Flg: SNFYU)—=U

is a diffeomorphism. Let s = F |§1. This is the desired Lagrangian section. Indeed, it sat-
isfies F'os = idy by definition, and since S is a Lagrangian submanifold, we have s*w = 0. O

Corollary 4.33. The period lattice A¥ C R"™ X Bioq is a Lagrangian submanifold with respect
to the standard symplectic form Y. db; A dr;.

Ezercise 4.34 (*). Prove this.
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Remark 4.35. The same local existence statement holds for commuting systems. The proof

needs to be slightly modified, since the fibre may not be compact in that case, meaning that
Theorem does not apply. One can use Darboux’s theorem instead (see Theorem [2.35)
to make a similar argument. See for example [3, Exercise 1.48].

4.7. Proof of the Arnol’d-Liouville theorem. Proof of Theorem[{.8 Let by C Bieg be
regular point and U C B,eg a neighbourhood of that point which

(1) is simply connected, m (U) = 0;
(2) admits a Lagrangian section s: U — F~1(U).
This is possible by Lemma [4.32] The proof has two steps.
Step 1: By Proposition , there is a smooth covering P = Py,: R" x U — F~1(U)
which is symplectic with respect to the standard symplectic form,
P*w =73, db; \dr;.

The fibre of P over any s(b) € X is A,. Therefore, it is very natural to suspect that F~1(U)
is symplectomorphic to some kind of quotient of R™ x U by the period lattice A|y. Indeed,
the first step is proving that P induces a fibre-preserving symplectomorphism

(R" x U)/Aly, >, db; Ndr) = (FHU), w). (53)

We first need to make sense of the equivalence relation in . We now make two conceptual
shifts. On one hand, we can consider

(Rn X U, 22 dbl A\ dTZ> = (T*U7 Wcan)a

via the usual identification under which b; = ¢; and 7; = p; in the notation of . For
consistency with the rest of this section, we will not switch to the ¢;, p;-notation, but instead
keep using b;, 7;.

On the other hand, we view A — B¢, as a covering map. Since U is simply connected,
the restriction Ay — U is a trivial covering. In particular, we can pick smooth sections
Qi ..., U — T*U trivializing the bundle, i.e. for which we have

Ay = spang{«;(b)}, forallbeU.

The «; are differential one-forms. By Corollary |4.33] the period lattice is Lagrangian and
thus, by Proposition 4.29, the one-forms «; are closed. This allows us to define the Z"-action

A: 2" xT*U - T°U, (k,(1,b)) — Ag(1,0) = (T — ZZ k;a; (D), ).
This action is

(1) properly discontinuous (for the quotient to be a smooth manifold in the first place);
(2) symplectic in the sense that Aj (>, db; Adr;) =), db; A dr;.

Ezercise 4.36. Prove this. Hint: The proof of the second claim uses something we already
know and is one line.
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The orbit of the zero-section under this action is all of A|;. Therefore, we can define the
quotient T*U/A|y as T*U/A, to get a well-defined symplectic manifold. Recall that A, is
by definition the stabilizer of the action ®f on the fibre F=1(b). Furthermore «;(b) € A,.
Therefore we find

P(Ag(1,b)) = @f_ >, kziai(b))(P<T> b)) = P(1,b),

and P descends to a map T*U/Ay — F~1(U). By Proposition it is a symplectomor-
phism. This finishes step 1.

Remark 4.37. Let us discuss where we are so far. The symplectomorphism T*U/Ay —
F~Y(U) induced by P looks already very much like the (the inverse of the) symplectomor-
phism v that we look for in the statement of the theorem. Indeed, we have a commutative
diagram

FHU) 25 T*U /Ay
al
U

where P71 is a symplectomorphism and T*U/A|y is a torus bundle with Lagrangian fibres!
However, the bundle T*U/A|y is not the standard torus bundle J: T(U) — U. Indeed, the
lattice A|y may not be standard, meaning that the associated Hamiltonian flow may not be
periodic (and, even if they are, not of constant unit period). If A|y was standard, meaning
Aly = 7" x U, then the theorem would be proven. Note that there is another difference
between what we have proven so far and the actual statement. Indeed, no diffeomorphism
f: U — V C R" of the base has intervened so far. In fact, those two things go hand in
hand: We will use the freedom provided by the choice of f to make the lattice standard. We
know from Exercise that A/°F = (Df~1)TAF. Therefore, making the lattice standard
means that we need to solve Z" = (D f(b)~1)TAL for all b to find a diffeomorphism f. That
such a solution exists is far from obvious: Indeed, it corresponds to integrating a family of
prescribed differentials b — D f(b) to a diffeomorphism f: U — V. That’s the second step
of the proof.

Step 2: We again denote by a; € QL(U) the closed-one forms spanning Aly. Using
(for the second time) the fact that U is simply connected, we find that H,(U) (as the
abelianization of 71 (U)) is trivial and hence that

gy kel 9 ) 02
0=H (U;R) = Hy, pham(U) = im(d: C>(U) = QYU))

In particular, we can find
a; =df;,  for some f; € C(U).

Let us now set
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We claim that this is the diffeomorphism in the statement of Theorem 4.8 First, it is a local
diffeomorphism since df; = a; and the «; are linearly independent since they form a basis of
the lattice. Up to picking a smaller U, the map f is thus a diffeomorphism.

Second, by Proposition [4.5 the map f o F' is again an integrable system and by Exercise
[4.21], we have

AfoF — (DfT)flAF.

But DfT = (df1,...,df,) = (ai,...,a,) and therefore we find D fTe; = o; and (D f7) toy; =
e;. Since the o; span AT, we find that A/ = Z" x V is the trivial lattice. To conclude the
proof, it suffices to apply the result in Step 1 to the integrable system f o F' equipped with
the Lagrangian section s o f~1. Indeed, we then obtain a symplectomorphism

P =Pl (R V)M = (fo I)H(V) = FH(U)
such that foFoP agrees with the obvious projection to V. Note that the since Af°F = Z"xV,
we have

(R" x V)/A°F = (R" x V)/(Z" x V) = T(V).

The obvious projection to V' coincides with the integrable system J: T (V) — V. Setting
1) = P! yields the claim. O

4.8. Discussion: Compactness of fibres. Why do we need to assume that the fibres of F
are compactﬁ? Can we expect an Arnol’d-Liouville type theorem if we drop the compactness
assumption? On one hand, part of what we have discussed holds for commuting systems
(i.e. without compactness of the fibres), too: The fundamental R"-action on fibres exists,
the period lattice is a lattice,... On the other hand, some parts fail spectacularly: The rank
of the lattice does not need to be constant, even away from critical values! Or in other
words, there exist commuting systems which have regular values b € B,,, which do not
have neighbourhoods over which F' is a fibration. In that case there cannot be an Arnol’d—
Liouville type theorem. On a deeper level, this follows from a failure of the fibration lemma
for non-compact fibres.

Theorem 4.38 (Fibration lemma). Let f: X — Y be a smooth map restricting to a proper
submersion f|i—qy: fH(U) = U for some U C Y. Fixyy € U. There is a diffecomorphism
U: U x f~Yyo) = fHU) such that f oV is equal to the obvious projection to U.

Here is an example where the fibration lemma fails when properness (i.e. compact fibres)
is dropped.

3Many thanks to Esther for asking this question.
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FExample 4.39. Consider the functionﬂ

2z
L+ 22492
Let us interpret this geometrically: It is the first component of the inverse to the stereographic
projection. In other words, it is the function one obtains by mapping R? to the complement
of the north pole in S? and then composing with the projection to a coordinate. Therefore
all level sets are diffeomorphic to the level sets of a coordinate function on the sphere, except
for the one containing the north pole. This shows that F~!(b) is diffeomorphic to:

(1) the empty set for |b| > 1;

(2) to a point for b € {—1,1};

(3) to a circle for b € (—1,1) \ {0};

(4) to R for b = 0.

The value b = 0 is regular, but obviously neighbouring level sets are not diffeomorphic to
F~1(0). This violates the fibration lemma.

The previous example can be viewed a commuting system F': (R? wy) — R. There cannot
be a Arnol’d—Liouville type theorem for b = 0, since the fibration is not locally trivial. Let
us now discuss what happens to period lattices in this example. Let 7': (—1,1) \ {0} be the
period function defined in Exercise , meaning that the flow on the level set F~1(b) is
T'(b)-periodic. In Proposition , we saw that 7'(b) is proportional to the symplectic area
bounded by F~(b). In this example we find that the period lattices are

Ao ={0}, Ay=T(b)Z, for %ir% T(b) = occ.

F:R* >R, F(z,y) =

However, the following can be shown, see |3, Lemma 1.34].

Proposition 4.40. Let by € Byeg for a commuting system F': X — B. Then there is a
netghbourhood U C Bieg of by such that

tk Ay > 1k Ay,, forallbeU.

In other words, the rank is lower semi-continuous as a function of the base point b. In
conclusion, if one would like for an Arnol’d—Liouville type theorem to hold in the context of
commuting systems, one needs to at least assume that the rank function b — A, is locally
constant.

4Thanks to GPT 5.4 which came up with this example. The geometric interpretation was later added by
myself.
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